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Im Teubnerschen Verlage erscheint unter obigeni Titel in 
zwangloser Folge eine langere Reibe von zusammenfassenden 
Werken iiber die wicbtigsten Abschnitte der Mathematiscben 
Wissenscbaften mit EinscbluB ibrer Anwendungen. 
Die anerkennende Beurteilung, welcbe der Plan, sowie die bis jetzt 
erscbienenen Aufsatze der Enzyklopadie der Matbematiscben Wissen- J 
scbaften gefunden baben, die allseitige Zustimmung, welcbe den von der 
Deutscben Matbematiker - Vereinigung veranlaBten und berausgegebenen 
eingebenden Referaten iiber einzelne Abscbnitte der Matbematik zu teil 
geworden ist, beweisen, wie sebr gerade jetzt, wo man die Resultate der 
wissenscbaftlicben Arbeit eines Jabrbunderts zu iiberblicken bemubt ist, 
sicb das Bediirfnis nacb zusammenfassenden Darstellungen geltend macbt, 
durcb welcbe die mannigfacben Einzelforscbungcn auf den verscbiedenen 
Gebieten matbematiscben Wissens unter einbeitlicben Gesicbtspunkten 
geoi'dnet und einem weiteren Kreise zuganglicb gemacbt werden- 

Die erwabnten Aufsatze der Enzyklopadie ebenso wie die Referate 
in den Jabresbericbten der Deutscben Matbematiker-Vereinigung be- 
absicbtigen in diesem Sinne in knapper, fur eine rascbe Orientierung 
bestimmter Form den gegenwartigen Inbalt einer Disziplin an gesicherten 
Resultaten zu geben, wie aucb durcb sorgfaltige Literaturangaben die 
bistoriscbe Entwickelung der Metboden darzulegen. Dariiber binaus aber 
muB auf eine eingebende, mit Beweisen versebene Darstellung, wie sie 
zum selbstandigen, von umfangreicben Quellenstudien unabhilngigen Ein- 
dringen in die Disziplin erforderlicb ist, aucb bei den breiter angelegten 
Referaten der Deutscben Matbematiker-Vereinigung, in welcben baupt- 
sacblicb das bistoriscbe und teilweise aucb das kritiscbe Element zur 
Gelfcung kommt, verzicbtet werden. Eine solcbe ausfiinrlicbe Darlegimg, 
die sicb mebr in dem Cbarakter eines auf gescbicbtlicben und litera- 
riscben Studien gegi'iindeten Lebrbucbes bewegt und neben den rein 
wissenscbaftlicben aucb padagogiscbe Interessen beriicksicbtigt, erscbeint 
aber bei der rascben Entwickelung und dem Umfang des zu einem 
groBen Teil nur in Monograpbien niedergelegten StoiTes uurcbaus wicbtig, 
zumal, im Vergleicbe z. B. mit Frankreicb, bei uns in Deutscbland die 
matbematiscbe Literatur an Lebrbiicbern iiber spezielle Gebiete der 
matbematiscben Forscbung nicbt allzu reicb ist. 

Die Verlagsbucbbandlung B. G. Teubner gibt sicb der Hoffnung 
bin, daB sicb recbt zablreicbe Matbematiker, Pbysiker und Astronomen, 
Geodaten und Tecbniker, sowobl des In- als des Auslandes, in deren 
Forscbungsgebieten derartige Arbeiten erwiinscbt sind, zur Mitarbeiter- 
scbaft an dem Unternebmen entscblieBen mocbten. Besonders nabe liegt 
die Beteiligung den Herren Mitarbeitern an der Enzyklopadie der Matbe- 
matiscben Wissenscbaften. Die umfangreicben literariscben und speziell 
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fachlichen Studien, welche fur die Bearbeitung von Abschnitten der 
Enzyklopiidie vorzunehmen waren, konnten in dem notwendig eng be- 
grenzten Rahmen nicht vollstUndig niedergelegt werden. Hier aber, bei 
den Werken der gegenwiirtigen Sainmlung, ist die Moglichkeit gegeben, 
den Stoff freier zu gestalten und die individuelle Auffassung und Richtung 
des einzelnen Bearbeiters^ in hoherem MaBe zur Geltung zu bringen. 
Doch ist, wie gesagt, jede Arbeit, die sich dem Plane der Sammlung 
einfiigen laBt, im gleichen MaBe willkommen. 

Bisher haben die folgenden Gelehrten ihre gesch'atzte Mitwirkung 
zugesagt, wahrend erfreulicherweise stetig neue Anerbieten zur Mitarbeit 
an der Sammlung einlaufen, woriiber in meinen „Mitteilungen" fortlaufend 
berichtet wird (die bereits erschienenen Bande sind mit zwei **, die 
unter der Presse befindlichen mit einem * bezeicbnet): 

**P.Bachmann, niedere Zahlentheorie. (Band X der Sammlung.) Ji 14 . — 

**E. Blaschke, Vorlesungen iiber mathem. Statistik. (Band XX LI I.) c It 7 . 40. 

M. Bocher, iiber die reellen Losungen der gewo'hn lichen linearen 

Differentialgleicbungen zweiter Ordnung. 
G. Bohlmann, Versicherungsmathematik. 
**H. Bruns, Wahrscheinlichkeitsrechnung und KollektivmaBlehre. 
(Band XVII.) Ji 8.40. 

*G. H. Bryan, Thermodynamics. [In englischer Sprache; erscheint Anfang 1907.] 

G. Castelnu3 7C und F "Btmijiioe, Thecri<j dor al^ebruischen Flachen. 

**JB, Czuber, Wahrscheinlichkeitsrechnung und ihre Anwendun*; an 1 FehJer- 

ausgleichung, Gtdtu+ik u. LtbensvorjicL^hu^ (Band IX.) Ji 24. — 

M. Dean und P. He^ga-a-rct, Lehrbuch der Analysis situs. 
**L. E. Dickson, Linear Groups with an exposition of the Galois Field 

theory. [In englischer Sprache.] (Band VI.) Ji 12. 

F. Dingeldey, Kegelschnitte und Kegelschnittsysteme. 

— Sammlung von Aufgaben zur Anwendung der D inferential - 

und Integralrechnung. 

G. Enestrom (in Verbindung mit anderen Gelehrten). Handbuch der 

Geschichte der Mathematik. 
F. Engel u. G. Kowalewski, Einfiihrung in die Theorie der Trans- 
form ationsgruppen. 

F. Enriques, Prinzipien der Geometric. 

**0. Fischer, theoretische Grundlagen fur eine Mechanik der lebenden 
Korper. (Band XXII.) X U.— 

Ph. Furtwangler, die Mechanik der einfachsfen physikalisrhen Apparat.e. 
**A. Gleichen, Lehrbuch der geometrischen Optik. (Band VIII.) Ji 20. — 

M. Griibler, Lehrbuch der hydraulischen Motoren. 

J. Harkness, elliptische Funktionen 

L. Henneberg, Lehrbuch der graphischen Statik. 

K. Heun, die kinetischen Probleme der modernen Masi-kiiiHiilehrH 

G. Jung, Geometrie der Massen. 
G. Eohn, rationale Kurven. 

**A. Krazer, Lehrbuch der Thetafunktionen. (Band XII.) Ji 24. — 
H. Lamb, Akustik. 
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**G. Loria, spezielle, algebraische und transzendente Kurven der Ebene. 
Theorie und Geschichte. (Band V.) JL 28. — 

Vorlesungen iiber darstellende Geometrie. 

**A.E.H.Love, Lehrb. d. Elastizitat. Deutsch von A.Timpe. (Band XXIV.) 

Lehrbuch der Hydrodynamik. 

A. Loewy, Vorlesungen iiber die Theorie der linearen Substitutionsgruppen. 
R. Mehmke, Vorlesungen liber Vektoren- und Punktrechnung. 

iiber graphisches Eechnen und iiber Recbenmaschinen. 

**E. Netto, Lehrbuch der Kombinatorik. (Band VII.) JL 9. — 
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fHF* Nahere Angaben iiber obige Werke befinden sich in meinem mathematischen 
Katalog, den ich zu verlangen bitte. 

Leipzig, Poststr. 3. — November 1906. -"* "• -L^^OIier. 
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PKEFACE. 



When I accepted an invitation to write the article for the Ency- 
Tclopddie on the General Foundations of Thermodynamics, it was understood 
that the article should deal, as far as possible, exclusively with the laws 
of thermodynamics and consequences immediately deducible from them, 
and that all properties of particular substances and states which depended 
partially on experimental knowledge or other hypotheses should be left 
for another article. I had long felt the want of a book in which thermo- 
dynamics was treated by purely deductive methods, and it has been my 
object in the following pages to develop the subject still more on this 
line than was possible in an article professing to be to some extent an 
exposition of the history and actual state of knowledge of the subject. 

It cannot be denied that the perfection which the study of ordinary 
dynamics has attained is largely due to the number of books that have 
been written on rational dynamics in which the consequences of the laws 
of motion, have been studied from a purely deductive stand -point. This 
method in no way obviates the necessity of having books on experimental 
mechanics, but it has enabled people to discriminate clearly between 
results of experiment and the consequences of mathematical reasoning. It 
is maintained by many people (rightly or wrongly) that in studying any 
branch of mathematical physics, theoretical and experimental methods should 
be studied simultaneously. It is however very important that the two 
different modes of treatment should be kept carefully apart and if possible 
studied from different books, and this is particularly important in a subject 
like thermodynamics. 

In most text books the treatment of the first and second laws is 
based more or less on the historic order, according to which a considerable 
knowledge of the phenomena depending on heat and temperature preceded 
the identification of these phenomena with energy -transformations. For a 
logical order of treatment it is better to regard the laws of thermo- 
dynamics as affording definitions of heat and temperature, just as Newton's 
laws afford definitions (so far as definitions are possible) of force and 
mass. But in any case there is great danger of assuming some property 
of temperature without realising that an assumption has been made, and 
of this danger we have an excellent illustration in the assumption commonly 
made, but rarely if ever explicitly stated, that the temperature of a body 
at any point is the same in all directions. 

To lessen such risks and at the same time to carry the deductive 
method further back it appeared to me desirable to adopt the principles 
of conservation and degradation of energy as the fundamental laws of 
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thermodynamics , and to deduce the ordinary forms of these laws from 
those principles. A paper was published by me on this subject in the 
Boltzmann Festschrift, and some criticisms on it sent to me by Mr. Burbury 
have led to a more extended examination of the foundations upon which 
thermodynamics rests. Degradation of energy in some form or other is 
a necessary consequence of irreversibility of energy phenomena. We 
therefore go still further back and assume the principle of irreversibility 
as our starting point. When an irreversible transformation takes place 
the number of subsequent possible transformations is thereby from the 
very nature of the case reduced and we thus have a loss of availability 
in its most general sense. When we want to identify the more and less 
available forms of energy with those forms of energy which we see 
around us, an appeal to experience is necessary. It is in fact possible 
to conceive a universe in which irreversible phenomena tend in a different 
direction to what they do in our own. A mere reversal of the whole of 
the phenomena of our universe would give us one example, and if we 
want another we should only have to imagine ourselves of molecular 
dimensions when we should find that the whole progress of irreversible 
phenomena (whether regarded statistically or otherwise) would assume an 
entirely different aspect to that to which we are accustomed. The laws 
of thermodynamics are thus restricted to phenomena of a particular size 
in the scale of nature, and the lower limit of size is about the same as 
the limit involved in the applications of the infinitesimal calculus to the 
physical properties of material bodies e. g. in hydrodynamics, elasticity 
and so forth. The term "differential element" is introduced in the present 
book to represent the smallest element which can be regarded, for the 
purpose of these applications, as being formed of a continuous distribution 
of. matter, and the notion of temperature at a point is regarded as not 
more nor less justifiable than the corresponding conventions as to pressure 
and density at a point. 

It is, however, in connection with entropy and with thermodynamic 
equilibria and stability, that the present method of treatment is found to 
be the most advantageous. A controversy on entropy between English 
mathematicians, physicists and electrical and other engineers took place 
in England in 1903 at the instigation of Mr. Swinburne, an electrical 
engineer, who defined entropy by means of what he called "incurred 
waste". In the present book it is shown that if entropy be defined in 
terms of increase of unavailable energy this definition will apply not 
only in the case of entropy imparted to a system by heat conduction but 
also in the case of entropy produced by the irreversible changes within 
a system, of which a number of simple illustrations are given. 

Moreover the available energy method possesses considerable advantages 
in the treatment of thermodynamical equilibria. If we assume that in a 
state of equilibrium the available energy of a system is a minimum it 
follows immediately that the conditions of equilibrium can be deduced 
from the equations of reversible thermodynamics and that it is only 
when the stability of the equilibrium is discussed that recourse must be 
had to the inequalities of irreversible thermodynamics. 
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The old and defunct caloric theory has left us an inheritance in the 
terms "heat" and "quantity of heat" the vagueness of which does much 
to cause confusion in the study of thermodynamics. The quantity of 
heat which one body receives from or imparts to another is a perfectly 
definite conception, and throughout this book the symbols dQ and dq 
refer to this quantity of heat thus received from without by a whole 
body or system and a unit mass respectively. It was my original 
intention not to consider any other kind of quantity of heat. But there 
are many intrinsically irreversible phenomena of common experience such 
as the flow of viscous liquids, in which it is usual to regard work as 
being converted into heat in the interior of a system, moreover in many 
such cases it is possible to assign a perfectly definite meaning to the 
"quantity of heat" so generated. It appeared desirable for several reasons 
to discuss examples of such transformations at some length and in these 
examples the so-called quantity of heat generated internally by the irre- 
versible transformation of work has been denoted by dH or dh, and the 
total quantity of heat gained, according to this stand-point viz. d Q + dH 
for the entire system or dq~}~dh for unit mass, has been denoted 
respectively by dQ, or dc\. This convention sometimes enables the 
increase of entropy to be put into the form of dQ/T or dc\/T when the 
expressions dQJT and dq/T are inapplicable. 

Into the difficulties connected with the extension of thermodynamic 
formulae to irreversible processes, some insight is afforded* notably at 
the end of Chapter XI. Even the simple statement that we may put 
dq = l v dv -\- y v dT cannot be admitted without due reserve when irre- 
versible changes are taken into account. The method of treatment given 
in the section referred to is not the only one that could be proposed 
and it may be said with considerable justification that the truth or 
otherwise of any proposed formula in irreversible thermodynamics depends 
largely on the particular interpretation which is assigned to the symbols 
in that formula. In the controversy of English engineers on entropy 
already referred to much importance was attached to the question whether 
dQ/T did or did not always represent the change of entropy, and from 
what we have said either party had considerable justification for believing 
himself to be right according to his own particular interpretation of dQ, 

A few words must be said as to the order of treatment in this 
book, as this is a very important point. The deductive method here 
proposed is not started till Part II (Chapter IV). This chapter might 
well be taken as the starting point of a course of lectures given to a 
class of students who are already familiar with the elements of thermo- 
dynamics, and it was my original intention to place it at the beginning 
of the book. But it appeared that the necessarily somewhat philosophical 
discussion of Chapters IV — VIII hardly made a sufficiently easy starting 
point for a beginner, and moreover it is important in building up a 
theory that the main facts for which that theory has to account should 
be prominently borne in mind. Accordingly Chapters I, II contain a 
general sketch of the most important facts and definitions of thermo- 
dynamics as based on experience; Chapter I containing definitions of the 
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principal thermal magnitudes, such as specific heat and latent heat, and 
Chapter II containing a brief summary of the conventional or "classical" 
treatment of the first and second laws. In these chapters no attempt 
has been made to define heat and temperature, or to aim at anything 
like a complete or rigorous discussion. Chapter III contains the matter 
included in my EncyMopadie article under the heading "Change of the 
Independent Variable". It was difficult to find a suitable place for this 
subject matter in any sequence but its present position was chosen as 
the best. The formulae there dis6ussed are immediate deductions from 
the principles of the differential calculus, which are in no way dependent 
on the dynamical theory of heat; they would be equally true on the old 
caloric hypothesis; and for this reason they would be out of place in 
Part II. It is important that such formulae should be kept apart from 
formulae which are properly described as thermodynamical. The formulae 
of Chapter III are not practically required before Chapter XI. 

In Part III, which deals with particular systems, the discussions are 
confined as far as possible to direct consequences of the principles of 
Thermodynamics . 

Mr. Ferguson, B. Sc. has kindly assisted in revising the manuscript 
and proofs. 

July 1906. 
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NOTATION. 



Note. The thermodynamical magnitudes connected with a homo- 
geneous substance fall into two classes, those whose magnitude is 
proportional to the mass of the portion of the substance under con- 
sideration and those which are independent of the mass. The first 
category includes the volume, energy, entropy and thermodynamic potentials, 
while the second includes pressure and temperature. In representing 
quantities of the first category, we shall use capital letters when they 
refer to the whole body or portion of substance considered, and small 
letters when they refer to a unit mass of the substance. For example 
the volumes of the whole body and of unit mass of the body are denoted 
by V and v respectively, so that if 31 is the mass we have V=Mv. 

In the case of the thermodynamic potentials it would be sufficient * 
to make the distinction in the suffixes, %p referring to the whole body 
and i$p to a unit mass. This was done in the "Encyklopadie" article 
but for greater definiteness we have used \ p for unit mass in this book. 

The following list gives the symbols used in the present book and 
the corresponding notation of many other writers. The formulae are 
only given for the purpose of greater definiteness in distinguishing the 
various symbols. In most cases therefore they refer only to simple systems 
and hold good only in the case of reversible transformations. 

Generally speaking the symbols indicated in the third column by x ) 
are most frequently used in Germany (Clausius and others), by 2 ) in 
America (Gibbs), by 3 ) in England (Thomson, Tait), by 4 ) in Prance 
(Duhem). The numbers 5 ), 6 ) refer to Helmlwltz and Massieu respectively. 



Name 


Symbol 


Other 
Notations 


Formulae 


Volume 




V v 






Density 




9 




1 


Pressure 




P 






Absolute Temperature 




T \) 


d,t*) 




Heat communicated to 
from without 


a system 


dQV dq 


dH 
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NOTATION. 



Name 




Other 
Notations 



Formulae 



Heat generated in the interior 
of a system by irreversible 
transformation of work into 
heat (where measurable) 

Total heat added to body . . . 

Entropy 

External work 

Intrinsic Energy 

Available Energy or Motivity. . 
Thermodynamic Potentials .... 



Generalised position - coordinates 

Corresponding force - components 

Partial differential coefficient of y 
with respect to x with z con- 
stant 

Specific heat or heat capacity 
(generally) 

Specific heat at constant volume 
Specific heat at constant pressure 

Ratio of the specific heats . . . 

Latent heat of expansion at 
constant temperature 



dH, dh 

dB, dq 

S 1 ) s 

dW dw 

U 1 ) u 

A 
%v f. 

%s f. 

C l9 #2 J • • • 

X v Zg, . . . 

\dx/z 
I y 

y* 

Vp 



n 2 \ 9 3) 



e*\ E*) 



f«J, <P 4 ), 
— JET f6 > 

v 2 > 



dx 



c x \ ft, c v 

V\y 
M*>ce 



See Chapter IX, 
§ U7 



dQ = dQ + dH 
dc\ = l dv + y v dT 

dS = dQ/T 

(reversible) 

dW = pdV 
(simple system) 

dU = dQ — dW 
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dW= EXdx 
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Latent heat of pressure variation 
at constant temperature 

Coefficients of cubic expansion at 
constant pressure and constant 
entropy respectively 

Moduli of elasticity at constant 
temperature and constant 
entropy respectively 

Mechanical Equivalent of heat 
or specific heat of water in 
work units 

The constant in the equation of 
a perfect gas 

Masses of the different phases of 
a complex (small letters for 
unit mass of complex) 

For a binary complex also 
denoted by 



Specific Volumes of the two 
Phases of a complex 

Entropy, energy and potentials 
of the phases of a complex 



Equation of curve of saturation 

Specific heats of the phases of 
a saturated complex 



£r> s* 
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M-X 

x and 1 — x 



v\ v" 



Distin- 
guished by 
accents in 
like manner 

G(p,2 f )=0 

v',y" 



ljA l \ EV 



E 



lp ~\dp) T 
dq = y p dT+l p dv 

1 /dv\ 
a * = T\dT) p 
1 /dv\ 

a ' = TW). 

\dv/T 



pv = BT 



*t 



C V C 2 1 



K V> 



v=xv' + (1 —x)v n 



y \dTfe 
where <?(p,T) = 



XIV 



NOTATION. 



Name 


Symbol 


Other 
Notations 


Formulae 


Latent heat of transformation . 


I 


• r i) 


\dx/T 


Masses of the components of a 
mixture (small letters for unit 
mass of mixture) 


m k 






Partial potentials of the com- 
ponents 


f*a? ^61 • • • 




dU=TdS-pdV 
+ Up dM 


In a galvanic cell the electro- 
motive force 


E 






Quantity of electricity passing 
through the circuit 


e 




dV=TdS-Ede 


Entropy of unit charge at any 
point of a reversible thermo- 
electric network 


% 






Coefficient of Peltier Effect . . . 


n 




n ab = T{ %a - %b ) 


Specific heat of electricity . . . 
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PART I 

PHYSICAL ASPECT 
OF THERMODYNAMICS 



BRYAN, Thermodynamics. 



CHAPTER I. 

DEFINITIONS AND ELEMENTARY FACTS. 



I 



1. In this chapter ; we shall give a brief outline of the more 
important facts, as based on actual experience, to account for which * 
is the purpose of a dynamical theory of heat. 

The phenomena known as heat phenomena involve the consideration 
among others, of the two following concepts: 

(1) The quality of a body known as temperature, 

(2) The quantity of heat passing to or from a body under given 
conditions. 

As the definitions of these concepts are best based on dynamical 
considerations, we at present only assume their existence together 
with such of their properties as are revealed by simple experiments. 

2. 3Ieasurement of temperature. — Gas -Temperature. Any 

number of bodies may be arranged in order of temperature by means 
of the following property, which may be regarded as a definition of 
equal and unequal temperatures. 

When heat tends to floiv from a body A to a body B, (lie body A 
is said to have a higher temperature than B. When no transference of 
heat tends to take place, even under conditions which render such a 
transference possible, A and B are said to have the same temperature. 

The choice of a scale of temperature is, apart from thermo- 
dynamic considerations, perfectly arbitrary. The most convenient 
thermometers, or instruments for measuring temperatures within 
ordinary ranges, are those in which changes of temperature are 
indicated by the changes they produce in the volume of a definite 
quantity of matter, usually a liquid or a gas, subject to given external 
conditions as to pressure, etc. 

In physical investigations the substances most commonly employed 
to define a scale of temperature are the so-called permanent gases 
such as air, hydrogen, etc. 

The constant- pressure gas- scale of temperature is a scale in which 
temperature is taken to be numerically proportional to the correspond- 

1* 
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ino- volume occupied by a constant mass of some permanent gas, 
maintained at a constant pressure. 

The unit or degree of temperature is commonly denned as in 
Celsius' scale by the assumption that from the freezing to the boiling 
point of water represents an interval of 100°. With this assumption 
the gas -temperatures of the freezing and boiling points of water are 
about 273° and 373° respectively. 

The advantage of a gas -scale of temperature is that it is found 
to be approximately the same whatever be the constant pressure or 
the nature of the gas employed, provided the gas is sufficiently far 
from the point at which liquefaction takes place. 

As, however, gases may be liquefied under the action of extreme 
cold, the gas -scale does not, in itself, apart from thermodynamical 
considerations, afford warranty for the statement that "the absolute 
zero of temperature is — 273° C'\ 

3. Measurement of Quantity of Heat. In practical calorimetry 
quantities of heat are measured by the quantity of a certain assumed 
standard substance to which they would impart a certain definite 
assumed change of temperature. The unit of heat commonly adopted 
is known by the name calorie. The small calorie or gram calorie, 
often called calorie, is the quantity of heat required to raise the 
temperature of a gram of water through an interval of 1° C in a 
definite assumed part of the thermometric scale. The interval formerly 
assumed in the definition of the calorie was from 0° to 1° C, but in 
certain modern investigations, a calorie defined by the temperature- 
interval 14y° to 15 1° has been adopted. The great calorie or kilogram 
calorie is the quantity of heat which raises 1 kg. of water through 
the same temperature -interval of 1° C, and is equal to 1000 small 
calories. 

4. Heating a Body. In ordinary language when we speak of 
heating a body, either of two things may be meant, viz., 

(a) that the temperature of the body is being raised, 

(b) that a certain quantity of heat is being imparted to the body. 

This ambiguity does not usually cause confusion in every day 
life, because in the majority of cases, the two operations (a) and (b) 
occur simultaneously. But if a mass of gas is rapidly compressed 
its temperature may be increasing while it is at the same time giving 
heat to surrounding bodies; the gas would then be being heated 
according to definition (a) and cooled according to definition (6). In 
thermodynamics it is therefore desirable to avoid the use of terms 
such as heating or cooling a body, whenever any ambiguity can 
possibly arise. 
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On the contrary, when a body is spoken of as growing hotter or 
colder an increase of temperature is always implied, for the hotness 
and coldness of a body are qualitative terms which can only refer 
to temperature. 

5. Isothermal and Adiabatic Transformations. A body is said to 
undergo an isothermal transformation when its state varies in such a 
way that the temperature remains constant. When the body neither 
gains nor loses heat the transformation is said to be adiabatic. 

6. Simple systems. The simplest kinds of systems occurring in 
the study of heat are homogeneous fluids or solids subjected to no 
external stresses except a uniform hydrostatic pressure. The mechanical 
properties of such a substance are expressible in terms of two 
quantities, namely, its pressure and volume. 

The changes occurring in such systems can be expressed in 
terms of one variable alone if the transformations contemplated are 
either isothermal or adiabatic ; and in such cases the pressure would 
be a function of the volume. We might speak of the systems as 
having one degree of mechanical freedom, but we shall prefer to call 
them simple systems. 

When the above restriction is removed these systems will be 
seen to have at least two degrees of freedom. If a fluid receives heat 
or has its temperature raised, its pressure can be varied keeping its 
volume constant, or its volume may be varied keeping its pressure 
constant, but no third independent variation is possible in which 
both the pressure and volume remain constant and the fluid remains 
homogeneous. The state of the system is therefore completely defined 
by tivo independent variables, and any third variable is connected 
with these two; thus between pressure (p), volume of unit mass (v) 
and temperature (t) there must exist for any particular kind of matter 
an equation of the form 

(1) • ftp, v, t) = 0. 

Another example is afforded by a stretched wire subject to 
the condition that only the longitudinal tension varies, the cylindrical 
surface of the wire being maintained at constant (usually atmospheric) 
pressure. Here the length of the wire and its tension will be dependent 
on each other in the case of an isothermal or an adiabatic trans- 
formation, but will be capable of independent variation under the 
influence of heating effects of a general character. 

Where the number of independent variables is greater than two, 
the system will be called a compound system. If the system has 
n degrees of mechanical freedom for isothermal or adiabatic trans- 
formations, the total number of variables will be at least n + 1. 
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7. Use of capital and small letters. In dealing with the properties 
of homogeneous substances, there are certain quantities, such as the 
volume, which are proportional to the mass of the substance, and others 
which are independent of the mass. In designating the former class of 
quantities we shall use capital letters when they refer to the whole 
body, and small letters when they refer to the unit of mass. Thus 
taking the case of volumes, if m is the mass, the whole volume will 
be called V, and the volume of unit mass v, and the relation connec- 
ting all such pairs of quantities will be of the form V~mv. 



8. Indicator diagrams. If the pressure p and volume v of a simple 
substance be taken as coordinates of a point in a plane, then any 
continuous variation of the state of the substance will be represented 
by a curve described by the point (v,p). The curves corresponding 
to isothermal and adiabatic transformations will be called isothermal 
n and adiabatic curves. Any diagram 

drawn in this way will be called an 
indicator diagram. 

Taking the pressure p and total 
volume V as coordinates we observe 
that since the work done in any 

expansion is IpdV it is measured by 

the area contained by the arc of the 
q - V curve in the (F, jft) plane and the two 

Fig ! bounding ordinates to the axis of V. 




(p*K) 



9. Cycle. When a system starts from a given state and returns 
to the same state by passing through a different series of intermediate 

states it is said to perform a cycle or 
undergo a cyclic transformation. For a 
cyclic transformation of a simple system 
the indicator diagram will be a closed 
curve in the (V, p) plane, and the total 
work done by the body, measured by 

the integral y f ) p dV will be repre- 
sented by the area of the closed curve 
described. 

If the axis of p makes with the 
axis of V an angle 90° in the counter- 
clockwise direction this work is evidently positive when the curve is 
described in the clockwise direction. 








Fig. 2. 



-> 

V 
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The sign \ I ) is used to denote an integral taken round a cycle. 

[For a system with two degrees of mechanical freedom, the state 
could be defined by the coordinates of a point in three dimensional 
space, and a cycle would be represented by a closed curve in space, 
but the work done would not admit of such a simple geometric 
representation. For a larger number of degrees of freedom even this 
geometrical representation would be impossible.] 

10. The Boyle -Mariotte Law for Gases. The equation of the 
isothermals of gases was first investigated by Boyle in England and 
Mariotte in France. The relation obtained by them, which is now 
known to be approximately satisfied by the majority of gases except 
near the point of liquefaction is implied in the statement that 

When the temperature of a gas is constant the volume varies* 
inversely as the pressure. 

This statement is known as Boyle's Law or the Boyle -Mariotte 
Law. According to this law the equation of the isothermals of a 
gas takes the form 

pv = constant 

and every isothermal curve is a rectangular hyperbola. 

If t be the gas -temperature as defined in § 2 it follows that in 
general 

(2) pv = Bt 

where B is constant. 

According to Van der Waals a better approximation to the iso- 
thermals is given by 

(3) (p + -g-j (v — b j = constant 

where a, b are small constants. To this order of approximation the 
relation between pressure, volume, and temperature cannot be con- 
veniently expressed in terms of gas - temperature as defined in § 2. 
But if the right hand side of (3) is put equal to Bt\ where B is 
a constant, the quantity t' will give a measure of temperature which 
is independent of the substance chosen to a higher order of approxi- 
mation than the gas -temperature defined by § 2. 

11. Thermal Coefficients. — Specific Heat. The coefficients defined 
below express the ratios of the small changes in the physical properties 
of simple systems on the assumption that no internal friction, viscosity, 
or resistances of a similar character exist in the system, and no 
chemical changes take place during the transformations considered. 
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The term specific heat, or as it might better be called, specific heat- 
capacity is used generally to denote the ratio of the quantity of heat 
given to a unit mass of any substance to the increase of temperature 
which it produces. As, however, this ratio may vary with the tempe- 
rature, a precise definition of specific heat- capacity in any state is 
given by the differential coefficient 

da l dQ 

y = -yr or — ~j 
' at m dt 

where an infinitesimal increase of temperature dt requires the addition 
of a quantity of heat dq to a unit mass or dQ to a mass m of the 
substance. 

The whole capacity of the body for heat will be represented by 

x " dt' 

. Moreover, as changes of temperature produced by the addition 

of heat usually involve other changes in the physical state of a body, 

it is necessary to distinguish different kinds of specific heat. In the 

simplest case of a fluid or a solid subjected only to uniform external 

pressure, two kinds of specific heat are distinguished according to 

whether the pressure p or volume v is kept constant. 

Taking for example a unit mass, the specific heat at constant 

volume v is defined by 

da 

r° = 2t 

subject to the condition v = const. 
The notation 



(dy\ 
\dxjz 



dx 



is commonly used in thermodynamics to denote the differential coeffi- 
cient of a variable y with respect to a second variable x when a 
third variable g is kept constant. With this notation the specific heat 
at constant volume is defined by 

Similarly the specific heat at constant pressure is defined by 

w »-&),■ 

The ratio of the specific heats is a quantity frequently occurring 
in physics, and will be represented by z so that 

(6) z = ^. 
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12. Latent Heats of Expansion. The latent heat of expansion of 
a simple substance at constant temperature is the ratio of the heat 
communicated to a unit mass of the substance to the increase of 
volume if the temperature remain constant; in other words, it is 
given by 

oo ' <•-§)/ 

Similarly the latent heat of pressure- variation at constant tempe- 
rature is given by 

<s) '' ={ ^ 

and we notice that for a given small change, which must be iso- 
thermal, dq is the same in both expressions, and the relation between 
dp and dv is determined by the isothermal equation of the substance, 
so that 

w '-'Ml- '>->■(£); 

The latent heats here referred to must not be confused , with 

the latent heat of transformation connected with the passage of a 

substance from the solid to the liquid or from the liquid to the 
gaseous phase. 

13. The Coefficient of Cubic Expansion at constant pressure p is the 
ratio of the increase of volume, expressed as a fraction of the total 
original volume, to the increase of temperature; in other words it is 
given by 

14. The Modulus of Elasticity at constant temperature is given in 
like manner by 

(») *— 69.— y iw); 

The reciprocal of this is called the compressibility, and calling 
it fa we have 

<»•> ft— F©/ 

There is also a coefficient of cubic expansion and a modulus of 
elasticity for adiabatic transformations, these being defined respectively by 

< 12 > «'=r(£).' — -*(&.• 

the suffix s denoting that in differentiation the variations must correspond 
be an adiabatic transformation. These coefficients are also often 
called the isentropic coefficient of expansion and modulus of elasticity. 
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15. Changes of phase. The passage of a substance such as water at 
ordinary atmospheric pressure from the solid to the liquid or from 
the liquid to the gaseous state affords an example of a general class 
of phenomena known as changes of phase. If the pressure be kept 
constant, such a change takes place at a certain temperature called 
the temperature of transformation or temperature of equilibrium; thus 
the boiling point of water is the temperature of transformation from 
the liquid to the gaseous state at normal atmospheric pressure. 

If the temperature is given the change takes place at a certain 
pressure called the equilibrium pressure; in the case of transition 
from the liquid to the gaseous state this pressure is also known as 
the vapour pressure corresponding to the given temperature. 

The different states are particular cases of what are known 
as different phases of the same substance, and the change from 
one phase to the other is discontinuous , the substance passing 
through no continuous series of intermediate states. The quantities 
of the substance existing in the given phases usually vary continuously 
during the process of transformation, and the two phases may be 
maintained in equilibrium with each other for an indefinite time at 
any temperature and pressure at which transformation takes place. 

Thus, let water and steam be in equilibrium in a cylinder with 
a moveable piston kept at constant temperature. If the volume be 
increased, a portion of the water will be converted into vapour until 
the pressure is the same as before, and the phases will then be 
remain in equilibrium; if the volume be reduced, the reverse will 
take place. 

A system in which two or more phases are in equilibrium is 
called a saturated complex of the phases. The name mixture is also 
commonly applied to such a system, but it is better to apply this 
name exclusively to , homogeneous systems in which various substances 
or phases are really mixed, instead of the heterogeneous systems in 
which the phases are separate and distinct. 

From the above explanation it follows that a saturated complex 
of two phases of a single substance can only exist when the pressure p 
and temperature t are connected by a certain definite relation, say 

(13) GCfcO-0- 

The curve which represents this equation in terms of p, t as 
coordinates is called the curve of saturation. 

In the passage of a substance from one phase to another a 
certain quantity of heat is given out or absorbed. The quantity of 
heat X required to transform a unit of mass of the substance from 
one phase to the other is called the Latent Heat of Transformation or 
specific heat of reaction (called by Zeuner the "Warmeinhalt" of the 
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process). If heat is absorbed the substance is said to pass from a 
loiver to a higher phase and conversely. 

The specific volumes of the phases are the volumes of a unit 
mass of the substance in these phases, and will be denoted by v r 
and v ff . in the. case where there are only two phases. 

16. Relation between the latent heat of transformation and the 
latent heat of expansion of the complex. We shall now prove the 
very important relation 

( 14 ) *>-*hp 

connecting the latent heat of expansion of the complex at constant 
temperature with the latent heat of transformation. 

Suppose a quantity dm of the substance to pass from the 
phase v" to the phase v\ the temperature being kept constant. The 
quantity of heat dQ absorbed is I dm while the total increase of 
volume is dV = (v r — v tf )dm. Hence 

(dQ\_ l 
\dVJt v'-v"' 

By taking the total mass of the complex to be unity it is easily 

seen that the left hand member is equal to l—^\ > which is the quantity 

defined as the latent heat of expansion of the complex, or l v . (§ 12.) 

17. The Specific Heats of the higher and lower phases in the 

state of saturation are the quantities /, y rt defined by 

7 dt 9 7 dt 

where dq', dq rt are the quantities of heat required to raise a unit 
mass of the substances in the two phases respectively through a 
temperature difference dt, when the pressure varies in such a way 
that the phases continue in equilibrium (i. e. when the changes of 
pressure and temperature take place in accordance with the equation 
^ (P> = 0). We may thus write our definitions 

(«•> •-$).' !"-(&).■ 

18. The Triple Point. When a substance is capable of existing in 
three different phases there exists generally a unique temperature and 
pressure at which all three phases can be in equilibrium with each other. 
This temperature and pressure define what is known as a triple point 

Thus for water the temperature of the triple point is 0.0074° C 
and the pressure is 0.00614 atmospheres. At this temperature and 
pressure ice, water, and vapour can coexist in equilibrium with each 
other. 
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19. Other examples of phase equilibrium. In sulphur we have an 
example of a substance of which two phases, both solid , (mono clinic 
and rhomboidal) can coexist in equilibrium with each other, if the 
temperature and pressure are connected by a certain relation. 

As an example of phase equilibrium in which more than one 
substance is concerned, we may take a saturated solution of any salt 
in presence of undissolved salt, and vapour of the solvent. The 
solvent may or may not occur in all three phases, in the vapour, in 
the solution, and in the undissolved salt in the form of water of 
crystallisation, similarly the salt may or may not occur in all the 
three phases, since, if volatile, its vapour may be mixed with the 
vapour of the solvent. 

20. The Critical Point. When a gas is condensed by increase of 
pressure at constant temperature it becomes changed into liquid at a 
certain pressure provided that the temperature does not exceed a 
certain limit. If the temperature is greater than this limit, no sudden 
change takes place. This property was first discovered by Gagniard 
de la Tour in 1822 and studied by Andrews for carbon dioxide ((70 2 ). 
The limiting temperature at which the distinction between the liquid 
and gaseous phases vanishes is called the critical temperature, and the 
corresponding limiting value of the pressure of liquefaction is the 
critical pressure. 

If the existence of a critical point be assumed, it is always 
possible to transform a substance from one phase to the other by a 
continuous series of transformations by suitably heating it above the 
critical temperature during the process. 

21. Point of Maximum Density. When water is cooled at constant 
atmospheric pressure its volume decreases till a temperature of about 
4° C is reached, but any further diminution of temperature causes it 
to expand, a further expansion accompanying the process of freezing. 
The temperature at which contraction changes to expansion is called 
the temperature of maximum density. 

The specific volume is then a minimum for variations in which 
the pressure remains constant so that 

< i6 > ea-° -» ©>°- 
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CHAPTER n. 

CLASSICAL TREATMENT OF THE FIRST AND SECOND LAWS. 

22. Equivalence of Heat and Work. Till the end of the 18 th 
century it was commonly believed that heat was a substance, which 
was called caloric, igneous fluid, or Phlogiston, although there are 
to be found attempts at a kinetic theory, according to which heat 
is attributed to molecular motion, in the writings of Hooke, Descartes, 
Locke and others. 

In 1798 Count Bumford described experiments at Munich on the 
heat produced by the boring of cannon; finding that the thermal 
capacity of the borings was the same as that of the metal of which 
the cannon were made, he inferred that the heat was not taken from 
the borings and therefore could not be a material substance, and he 
was thus, led to believe that heat was nothing else than motion. 
About the same time Davy produced heat by rubbing two pieces of 
ice together and melting them, although the thermal capacity of 
water was greater than that of ice. The new view received so little v 
support, however, that Fourier in his Theorie de la chaleur (1822) 
still held to the materialistic view regarding the nature of heat. 

The first determinations of a numerical relation between quantity 
of work and quantity of heat were published by 'Robert Mayer, of 
Heilbronn in May 1842, and by James Prescott Joule of Manchester 
in August 1843. 

Among the various experiments performed by these writers we 
may quote Joule's well known determinations of the heating effects 
produced by the friction of fluids. A quantity of water in a closed 
vessel was agitated by a rotating paddle set in motion by a falling 
weight, and Joule thus determined the work -quantity required to 
raise the temperature of the water by a given amount. Other 
experiments were made by Mayer and Joule on the heat produced 
by the compression of gases, and later experiments have been made 
on the heating effects produced by electric currents, as well as by 
various other methods. 

The agreement between the results obtained by these different 
methods is as close as could be* expected when errors of experiment 
are taken into account, and we are thus led to the so-called Principle 
of Equivalence j First Law of Thermodynamics , or Mayer -Joule 
Principle according to which: 

When heat is transformed into work or conversely work is trans- 
formed into heat, the quantity of heat gained or lost is proportional to 
the quantity of ivork lost or gained. 
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23. The Absolute Unit of Heat. Just as Newton's Laws of 
motion afford an absolute quantitative measure of force, so the First 
Law of Thermodynamics gives us an absolute measure of quantity 
of heat. The dynamical or absolute unit of heat (introduced by 
Rankine) is that quantity of heat which is the equivalent of a unit 
of work. In the C. Gr. S. system of units the dynamical unit of heat 
is therefore the erg. This unit of heat will always be used in 
future in the present work unless the contrary is stated. 

The so-called mechanical equivalent of a given unit of heat is 
the number of units of work that must be transformed into heat in 
order to produce that unit of heat or its equivalent effect. Its value 
depends on the units adopted for the measurement of work and heat 
respectively, and it is commonly denoted by the letter E or J. From 
the experiments of Joule, Him, and others it is found that if heat be 
measured in small calories and work in ergs, J is equal to about 4.18 x 10 7 . 

If heat be measured in dynamical units the mechanical equivalent 
becomes equal to unity, and the equations of thermodynamics assume 
a simpler and more symmetrical form. 

It is to be observed that from this stand-point the measurements 
of the mechanical equivalent of a calorie assume a new meaning. 
For from the definition of a calorie it follows that its mechanical 
equivalent is the number of work units of heat required to heat the 
unit of mass (a gramme) of water through 1°, and this number 
therefore now represents the specific heat of tvater. 

24. Conservation or non- conservation of heat. While the principle 
of conservation of energy shows that the total energy gained by a 
body is equal to the energy supplied from without in the form of 
work or heat, (or any other form of energy which may exist), properly 
the fact that energy supplied in the form of work can be withdrawn 
in the form of heat, and that under certain limitations the reverse 
process is possible, illustrates the fact that no definite portion of the 
energy of a body can be called work and heat respectively, and we 
shall never in Thermodynamics speak of a body as containing a 
definite quantity of lieat. 

There are however a great many ordinary phenomena to which 
the old caloric hypothesis is perfectly applicable, and it is so common 
to think of a body as containing so much heat that we must examine 
why such ideas, though thermodynamically erroneous, lead in many 
cases to consistent results by simplified methods. 

If energy only passes to and from bodies in the form of heat, 
the caloric hypothesis will of course give perfectly correct results, 
and there will be no error arising from speaking of the total energy 
of a body as the quantity of heat contained in it. 
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Now this is approximately true in dealing with ordinary solid 
or liquid bodies at atmospheric pressure, owing to their small coeffi- 
cients of expansion and large specific heats. 

For example, if one gram of water is heated from 0°C to 100° C 
at atmospheric pressure, its volume increases from 1 to 1.045 c. c. 
and the work done in expansion, if this pressure is 10,000 dynes per 
square centimetre, is 450 ergs, or only about 0.0000001 of the energy 
required to raise the temperature of the gram of water by 1° C 
(taking 4.18 x 10 7 as the value of the specific heat J). This 
exemplifies the fact that in bodies other than gases the work of 
expansion is usually negligible in comparison with the energy required 
to produce measurable changes of temperature. 

Thus the somewhat vague term "quantity of heat contained in 
a body" in common use probably means in many cases the same as 
the more precise thermodynamical term "intrinsic energy". But the 
word heat is used in such a vague way to denote temperature, 
quantity of heat, or indeed mere coefficients of thermal capacity 
such as latent heat and specific heat, that it has ceased to have any 
precise meaning. 

25. The Second Law. While any quantity of work can be 
transformed into heat by friction or otherwise, it is generally im- 
possible to transform the whole of the heat again into work, and 
the former transformation is for this reason said to be irreversible. 
As an instance of this property we have the common steam engine, 
in which part of the heat produced by the combustion of the coal 
is carried off by the escaping steam, or is absorbed by the condenser 
in a condensing engine, and this portion of heat is not transformed 
into work. 

The exact law determining the maximum quantity of heat which 
can be converted into work by any machine depends on a principle 
which was first enunciated on the materialistic view of heat by Sadi 
Garnot in 1824, and was discussed from the same stand point by 
Clapeyron in 1834. Its correct form and significance for the 
dynamical theory of heat were made clear by Clausius in a paper of 
1850 and by Lord Kelvin in a paper of 1851. 

The principle thus discovered is known as the Principle of Garnot- 
Clausius or the Second Laiv of Thermodynamics, and it is virtually 
contained in the following axiom: 

Heat cannot pass from a colder to a warmer body without some 
compensating transformation talcing place. 

26. Carnot's Cycle. If we have two bodies H and K maintained at 
constant unequal temperatures t ± and t 2 (t x > t 2 ), an indefinite amount 
of work may be obtained from them by means of a third intermediate 
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body S, by causing this body to undergo a series of cyclic trans- 
formations of the kind known as Camot's cycle. We snail call H 
the source, K the refrigerator, and S the working substance. This 
latter may be taken to be, e. g. ; a mass of gas contained in a cylinder 
furnished with a piston, and it must be capable of being brought 
into thermal contact with either H or K. The process consists of 
four parts. 

(1) The system S starts at temperature t 2 and is brought, 
without gain or loss of heat, to temperature t 2 by suitable external 
mechanical actions (e. g. compression). 

(2) The system S is placed in thermal contact with the source H 
and receives from it a certain quantity of heat Q 1 while its temperature 
remains constant and equal to t v 

(3) The temperature of the body is allowed to fall to t 2 (by 
expansion) without its ( receiving or parting with heat. 

(4) The system is brought into contact with the cooler K and 
its state is allowed to change until the initial state (i. e. the same 
volume as at the commencement) has been obtained. In this 

process a certain quantity of heat 
Q 2 is given to the cooler. 

If S is a simple system, charac- 
terized by the variables p } V (§ 6) 
the cycle will be represented geo- 
metrically by a curvilinear quadri- 
lateral ABCD. In the first process 
the characteristic point will describe 
an adiabatic line AB, in the second 
an isothermal line BC f in the third 
an adiabatic line CD, and in the 
fourth an isothermal line DA. 

The work W done in the cycle 
is represented by the curvilinear area 
ABCD, and by the Mayer-Joule Principle it is equal to the lost 
heat Q 1 — Q 2 expressed in dynamical units. 

Carnot's cycle is perfectly reversible. 1 f we imagine the characteristic 
point to describe the same quadrilateral in the order ADCBA, we 
shall have a cyclic process in which the system (1) receives Q 2 at 
temperature t 2 from the cooler, (2) undergoes adiabatic changes till 
its temperature is t ± , (3) imparts Q ± at temperature t ± to the source, 
and (4) is brought back to its initial state by an adiabatic trans- 
formation which reduces its temperature to t 2 . 

In this case a quantity of work Q 1 — Q 2 is converted into heat, 
the area encircled by the representative point in describing the quadri- 
lateral being negative. 




O 



V 



Fig. 3. 
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Carnot's cycle is the only perfectly reversible process by which 
work can be derived indefinitely from a single source and refrigerator 
maintained at given constant temperatures. If, owing to imperfect 
thermal contact such as occurs in practice, a difference of temperature 
occurs between the working substance and the source and refrigerator 
respectively when heat passes between them, or if the intermediate 
transformations are not perfectly adiabatic owing to radiation, or, 
again, if the expansions and contractions of the intermediary system S 
are retarded by friction, viscosity, or such resistances, the resulting 
cycle is irreversible. 

27. Efficiency of a heat engine. The efficiency of a heat engine 
or motor is defined to be the ratio of the quantity of work produced 
to the quantity of heat absorbed from the source, and hence if Q x and 
Q 2 are the quantities of heat absorbed from the source and given to 
the refrigerator, expressed in work units, the work done is Q t — Q 2 

and the efficiency is -- 1 n ^ 2 • 

From the Clausins axiom we now deduce the following: 
Of all heat motors working behveen given temperatures that which 
is perfectly reversible has the greatest efficiency. 

Let M and N be two heat motors, and if possible let N be 
perfectly reversible, and let M be more efficient than N. Let the 
two motors have the same source and refrigerator, and let the 
motor M transform heat into work, while N 9 performing the reverse 
cycle, transforms this work back into heat. Then since M is 
more efficient than N 9 the quantity of heat absorbed from the source 
by M is less than the quantity which N would have to absorb to 
perform the same amount of work, and is therefore less than the 
quantity of heat N gives to the source when N performs the reverse 
transformation. Hence the source receives more heat than it loses, 
and since no work is performed on the whole, this heat must be 
taken from the refrigerator. Thus heat passes from a colder body 
(the refrigerator) to a hotter body (the source) without work being 
absorbed. But this is contrary to Clausius' axiom. Therefore M 
cannot be more efficient than N. By similar reasoning we may also 
show that all reversible motors working behveen the same temperatures 
have the same efficiency. 

It follows that the efficiency 1 — -^ of every such reversible 

transformation between temperatures t x and t 2 is the same; this 
efficiency must therefore be a function of the temperatures only. 

Hence *? is a function of t x and t 2 only and therefore we may write 

BRYAN, Thermodynamics. 2 
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Now suppose, instead of a single cycle, we take two working 
substances S t and 8 2 , one performing a cycle between the temperatures 
t x and t 2 and the other performing a cycle between t 2 and tf 3 , so that 

the heat Q 2 given out by S x at tem- 
perature t 2 is absorbed by S 2 at that 
temperature. This combinations of 
two cycles is represented graphically 
by a figure like Fig. 4, and since 
its only ultimate effect is to take a 
quantity of heat Q t from the source 
at temperature t x and give a quantity 
of heat Q 3 out to the refrigerator 
at t z its efficiency must be equivalent 
to that of a single 
cycle acting bet- 
ween t ± and t 3 . 
Thus 

7V == / \h> h)> 

y Vs 

| -/"(Ms) 




Fig. 4. 



and therefore for all values of t v t 2 and t z 



Hence 
(18) 

Now let L 



f(t v t 3 )^f(t v t 2 )'f(t 27 Q. 



(19) 



be put equal to a constant C while ^ and £ 2 are 
left variable. Under these conditions the constant temperature t 3 
may be omitted from the expressions f{t v t % ) and f(t 2 , t s ), and these 
expressions may be written (p(t ± ) and cp(t 2 ) respectively, that is 

28. Absolute Temperature. The form of the function y(t) will 
depend on the scale of measurement of temperature intervals. We may 
therefore chose this scale so that cp (t) is proportional to the temperature 
T y or cp(t) =fcT, where Tz is constant. If this assumption be made, 
T is said to be the absolute temperature, and the equation gives 

(90\ 9i = ^1 Qs = t 2 Qi = T± 

K J Qs T t ' ft T* Qs T* 

Hence we have the following definition. 

The absolute temperature is a quantity defined by the property 

that the absolute temperatures of tivo bodies are proportional to the 
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quantities of lieat lost by one and gained by the other in a perfectly 
reversible cyclic transformation in which the bodies play the part of 
source and refrigerator. 

The unit absolute temperature still remains undetermined, and 
for this the degree Celsius is usually taken, so that the difference of 
absolute temperature between the freezing point and boiling point of 
water becomes equal to 100 degrees. Under this assumption it is 
found from experiment that the absolute temperatures of the freezing 
and boiling points of water respectively are proportional to 273 and 
373, hence these temperatures must be called 273 and 373 .degrees 
approximately. In this sense it is commonly said in experimental 
treatises on heat that the temperature of the absolute zero is — 273° C. 

The gas -scale of temperature is very approximately but not 
actually identical with the absolute scale, as will be. seen later. 

29. Carnofs Function is a quantity p such that the efficiency of 
a reversible engine between temperatures t and t — dt when dt is 

infinitesimal is pSt. It therefore equals — ^ of equation (19) or 

equals ~ if T is in absolute units. 

In the earlier writings of Carnot, Clapeyron, Thomson, Tait, 
and Bankine, a different method was employed. Consider the limiting 
case of Carnot's cycle when the area AJBGD becomes an infinitesimal 
parallelogram, the iso- 
therm als AD, GB corre- 
sponding to tempera- 
tures t, t — dt, and the 
heat taken from the 
source being dQ. Let l„ 
be the latent heat of 
expansion at tempera- 
ture T, so that l p dVis 
the quantity o,f heat 
required to increase the 
volume of the working 
substance by 6 V at 
constant temperature t. 
Then 

work done in complete cycle = area ABCD = area FBCE (Fig. 5) 

= BFPQ. 
Now BF=(lfydt where v is kept constant in (^), and PQ=*^ 




whence 



work of the cycle 



d »8T 8 Q. 

dt Z, 
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But this by definition equals pdTdQ. Hence 

(21) -fl-* 1 - 

By the Second Law ^ is a function of t. If the temperature T be 
absolute, \i = -^ and (21) becomes 

(22) Jt = Y or Wl^~f = lv ' 

This result will be obtained later by analytical methods. 

30. Lord Kelvin's "First Scale" of Absolute Temperature. Before 
the present scale of absolute temperature had been introduced, Lord 
Kelvin, in 1848, suggested a scale based on the assumption that 
li = l. If & is the temperature on such a scale we obtain 
dd' — ^idt (referred to any arbitrary scale) 

= -=- (referred to the present absolute scale) 

whence (23) # = lognat T + const. 

The temperature on the "first scale", & is therefore equal to 
the logarithm of the absolute temperature plus an arbitrary constant. 
This scale will be found to possess the following peculiarities. 

(1) The "absolute zero" of the ordinary scale is represented by 
# = — oo. 

(2) The indeterminateness of the unit of absolute temperature is 
represented on this "first scale" by an indeterminateness in the 
position of the zero, which indeterminateness is introduced above in 
the constant of integration. Obviously if we take this constant to 
be zero (as we naturally should) ft = when T = 1. 

(3) The temperature T has been stated above * (§ 28) to be 
approximately proportional to the volume v of a unit mass of gas at 
constant pressure. To this degree of approximation, 

# = log v + const., 
whence 

<w JCS),- 1 - 

The left hand side is defined (§ 13) to be the coefficient of cubical 
expansion of the gas. Hence on the "first scale" the coefficient of 
cubical expansion of any gas would be approximately equal to unity. 



CHAPTER III. 

TRANSFORMATION OF THERMAL COEFFICIENTS. 

31. Formulae which are independent of thermodynamic hypo- 
theses. The various coefficients defined in Chapter I are not all 
independent, but are subject to certain relations. Some of these 
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relations are independent of the First and Second Laws of thermo- 
dynamics, and it is therefore desirable to deduce them outside 
the portion of this work which deals with the principles of thermo- 
dynamics proper. They may be described in reference to this 
characteristic as non-fhermodynamical formulae, by which it is to 
be understood that they would still be true even if the first and 
second laws did not exist, provided that the existence of the concepts 
heat and temperature were assumed. If the existence of temperature 
be regarded as a corollary of the Second Law of Thermodynamics, 
as it should be from the theoretical aspect, these formulae will be 
to that extent dependent on thermodynamics. They do not assume 
any hypothesis as to the equivalence of heat and work. 

The conditions imposed in the definition of the thermal coefficients 
of a substance may be now more definitely expressed by the statement 
that the small transformations under consideration are reversible, that 
no changes occur in the chemical constitution of the system, and 
that the only changes which take place are those specified in the 
definitions or formulae. 

32. Case of a simple system. Of the three variables p 7 v y t any 
two suffice to determine the state of a homogeneous fluid (taken 
as a type of a simple system); and for each such system there is 
an equation connecting these variables, of the form f(p,v } t) = 
determinable by experiment. • By differentiation 

y~dp + lf-dv + lf7dt = 0. 
dp * ov ct 

Hence Q - 

of 



c 



d) = W an( * * W0 s ™^ ar 



dp 
whence 

(25) (^(§^=1 and two similar 

and 

<*> . ©,©,©.=-■• 

Again the added heat dq can be put 1 ) in the forms 

(27) dq = <y v dt + l v dv, 

(28) dq = y v dt + l p dp 

according to whether t and v or t and p are independent variables, 
?vj Vp> hy lp being the specific and latent heats defined in §§ 11, 12. 
Eliminating dt from these two equations we obtain 

1) It is here assumed that no "irreversible conversion of work into heat" 
or other irreversible process is occurring in the interior of the substance. 
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(29) dq = \l — J 9p F 

so that if p and v are taken as independent variables and if 

(30) • dq = Mdv + Ndp 

the coefficients M and N are not new quantities but are given in 
terms of the previous ones by the expressions 

(31)' jn = J^_, jy- = Jjlk_. 

*p *V 'V »p 

Again changing the independent variables from v } i to p, t in 
(27) we obtain « 

dq = y»dt + l e {-£dt + ^d2)) 

and comparing with (28) 

(32) Vp^Vi+liJi' 1 p =1 *3^- 
The reverse transformation of (28) leads to 

(33) 7v=?p+l P ^ l °= l vW 

In virtue of (25, 26) the. two last relations are immediately 
deducible from the previous two. 

33. For* an adiabatic transformation, dq = 0, giving 

dv = — j- dt } dp = — j-dt 

l v l p 

whence denoting the corresponding differential coefficients by suffix s 

(34) ( d /) = 7 -4- 7 -±m 

v J \dvjs rjp y v \dv/T 

and therefore with. the notation of § 14, 

(35) ^ = ^ = * 

i. e. the moduli of elasticity for adiabatic and isothermal transformations 
are in the ratio of the specific heats at constant pressure and volume. 
Again we have such formulae as 

34. Generalisation for any number of variables. The above results 
depend on the fact that if we have two independent variables the 
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gelations between the small variations in any quantities dependent on 
them can be expressed in terms of the partial differential coefficients 
of these variables. Thus, taking v and t as the independent variables 
above, the relations between the differentials dQ, dp, dv, dt are all' 

expressible in terms of the partial differential coefficients ~7 -A 

dQ dO 

-f~> -^tj of which the two last are denoted by l v and y v . 

The general formulae of which these are particular consequences 
may be worked out as follows. 

Let a system be defined by n independent variables, or coordinates 
x 17 x 2 , . . . x nj the (i state of the system" being known when definite 
values are assigned to these variables. 

Let dy 1 , dy 2 , . . . dy m be variations in certain other quantities 
associated with the system, these variations being completely determined 
when the values of x v x 2 , . . . x n and their variations dx 1} dx 2) . . . dx n 
are known. The quantities dy lf dy 27 . . . dy m need not be the perfect 
differentials of actual functions y 17 y 2 , . . . y m of the coordinates (for 
instance dQ in thermodynamics .is not the perfect differential of a 
function Q of the coordinates). 

In defining any differential coefficient say -~ it is' necessary 

that n — 1 variables shall be kept constant. The ordinary partial 

differential coefficients ~ are defined by the condition that the 

ox 1 J 

remaining n — 1 independent variables # 2 , x 3 , . . . x n are constant, but 

it is also possible to calculate ~- on the supposition that dy 2J 

dy%, ... dy n vanish (if there are n or more y's), or again on the 
supposition that some of the dy and some of the dx differentials, 
n — 1 altogether in number vanish. 

If r — 1 of the differentials dy 2 , . . . dy m are put equal to zero, 
then n — r — 1 of the variables x lf x 2 , . . . x n must be made constant 
and the general type of differential coefficient will be 

We have the following equations 

dUi = "tr 1 & x \ + ^ dx« +-"• + q^- dx r 
J1 dx x 1 * dx 2 2 ' dx r r 

0-^ + ^ + -+'^' 



dy r dy r dy 

= W 1 dX l+W, dX *+-+^ dX r- 



and the value of -—-' subject to the same equations of condition is 
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Employing the notation of functional determinants we obtain on 

elimination 

, 0(y>, y 8 , • • • y r ) 7 *(&, y,, y», • • • y r ) 

"#1 :T7 \ = »#i s7 T 

^(yi»y»» ■ ■ -y r ) 

V ^ vK/y* y,, y r • * r+1 . . . *„ . 0(y, . . . y r ) 

to ffie saw 
evidently the reciprocal of this, 

We may also have to find such differential coefficients as -j- 1 

dv * 

or -^ subject to n — 1 equations of condition. 

Let -v- 1 be required on the hypothesis that y i} y& } • - - f/r are 
constant and # r +i . . . # w constant, then we obtain 

d(y»i y»i - • • y r ) 

(38) 1^ ajfe,g„...g r ) ^ 

a^,^, . . . # r ) 

Again if -^ be required on the hypothesis that y 3 , y# . . . y r 
are kept constant and x t , # r +i . . . x n constant we get 

a (a, y ff iy4i • • • y r ) 

(39) g*) 8fr,a^,.--« r ) 

5(ir 2 , # a , af 41 . . . a? r ) 

34a. Case of two independent variables. The case where there 
are only two independent variables | ; rj and several dependent variables 
'x y y, z . . . is of so frequent occurrence in the thermodynamics of 
simple systems, that we give below the necessary formulae of trans- 
formation for this particular case: 

(40a) (**\ = -J— = |£. 

^ ; UsA /*s\ as 

a# 

(40b) 



id x\ i a r} 

Uy/|~~ /dy\ "ay"* 
\d#/! a?? 

a# 



Us/* as 
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(40 d) 



(40 e) 



fdx\ 



\dx/y 



/dx\ 
\dyjz~ 



dy\ 

\dx), 



d(%, y) 
3(6, n) 

dy_ 
dr\ 

d(x, z) 

3(6, n) 
3(y, *) 
3(6. *) 



dx dy 
djdr] 



dx dy 





dy' 
drj 




dx dz 

Mdr] 


d x 

d 7} 


dz 
dl 



dy dz 
d£ dr} 



dy dz 
d'riH 



Of these the first three are the ordinary formulae of the diffe- 
rential calculus y and the fifth can be obtained from the fourth by 

dividing Ijt) by [jz) * ^e fourth is proved geometrically in most 

books on thermodynamics as follows. 

Let ! = /*(#, y), ^ = qp(#, y), and consider the curvilinear parallelo- 
gram ABCD bounded by the curves 



f(%,y) = %, f{x,y) = l + d%, <p(x,y) = n, <p(%,y) 

If the coordinates of 
A, B } C, D are fayjfayi) 

fay*) fay*) we nave 

d x 
x 2 == x i + 'dri } 

d x Ti. , d x 7 



rj + dv\. 



dy 



x 3 x 1 + ^| 

and the area of the paral- 
lelogram ABCD is twice 
the triangle ABD or 

foT^) (2/2-2/1) 
-(^2-^1) (2/4 -2/i). 
that is 




(dx dy 



dy dx\ 7J . , 



jj) j we notice that f-rr-J e?| 

is the length of the horizontal line AK intercepted between the 
curves f(x, y) = | and /"(#, 1/) = | + c?|. Complete the parallelogram 
AKLB and draw Ale perpendicular on BL, 
Then 

z=7 ^CD - z^ AKLB -AK- Ale - g|)^| . @^, 
and comparing the two expressions for the area, (40 d) follows at once. 
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By applying similar methods to ij^J > KjJ ? U-^J we obtain 
(A\ \ (d x \ dy _ (dx\ dy _ (dy\ d x (dy\ d x _d x d y dx dy 

35. Other illustrations. As a further example of the mere use 
of the Calculus,, let us discuss the effect of variation of pressure on 
the temperature of maximum density of water. 

Take p and t as independent, v as dependent variable. Then at 
the point of maximum density 

Differentiating the first we have 

as the condition that the state p + dp, t + dt shall also be a state 
of maximum density. This gives for the variations of the temperature 
and pressure of maximum density the relation 

(dp\ dt* 



(«) 6f) 



max. dens. d t V 



dtdp 
In virtue of (16), the denominator is equal to 
/yl ox a (l dv\ 2ft 

where & is the compressibility at constant temperature (§ 14) and 
-7T- therefore has the same sign as -^~- 

It follows that the temperature of maximum density decreases 

as the pressure increases if the compressibility fi t decreases as the 

temperature increases, which is the case for water. Moreover by 

2ft 
observing -3-7- and the relation between volume and temperature near 

the point of maximum density, the ratio -^ can be found. 



PART II 

THE FOUNDATIONS OF A 
RATIONAL THERMODYNAMICS 



CHAPTER IV. 

KECAPITULATION OF CERTAIN PRINCIPLES OP RATIONAL 

MECHANICS. 

• 

36. Characteristics of a Rational Dynamical System. Thermo- 
dynamics is a branch of physics which treats of certain properties of 
the Universe which cannot be deduced from the principles of Rational 
Mechanics without some further assumption. 

Before enunciating the fundamental axioms which may be regarded 
as the definitions of a thermodynamical system, it is necessary to 
recapitulate briefly the properties which characterise the systems 
usually considered in Rational Mechanics. (Holonomic systems.) 

Whatever views be held as to the best axioms to take as the 
foundations of dynamics we may say, for the purposes of our enquiry 
that a ratiwial dynamical system is defined by the Hamiltonian system 
of differential equations 

{ - } dt ~dp r ' dt~ dq r ~^ r ' 

In these equations: 

(1) The only independent variable is the time t. 

(2) There are any number (say n) of dependent variables q r called 
the position coordinates and an equal number of dependent variables 
p r the generalised momenta or impulse coordinates of the system. 
The state of the system is said to be defined when the values of t 
and the 2n variables q r . . . p r . . . are known. 

(3) The expression U, which is called the energy of the system 
is a known function of the dependent variables p r . . . q r . . . . 

This function is of the form U=L+ V where L is a homo- 
geneous quadratic function of the impulse coordinates p rf and V is 
independent of these coordinates. L is the kinetic energy and V 
the potential energy of the system. Both the coefficients in L and V 
may in general involve the position -coordinates q r in any form 
whatever, and the particular system under consideration is characterised 
by the particular forms of the functions L and V. 
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(4) The quantities P t) called the generalised force coordinates are 
usually functions of the quantities by which the state of the system 
is defined, according to the nature of the problem. When the 
quantities P r . . . vanish, the system is said to be isolated. 

(5) The principle of action and reaction may be regarded as 
embodied in the statement that every non-isolated system is part of 
a larger isolated system. 

The external forces P r acting on any finite portion S of the 
universe being due to actions and reactions between .this portion and 
neighbouring portions, must be derivable from the mutual energy 
of these portions and S, and by extending the system so as to 
include all those bodies which exert actions on 5, the forces P r will 
be eliminated just as the mutual actions and reactions of the particles 
of a rigid body are eliminated in forming the equations of motion by 
D'Alembert's Principle. 

37. Dynamical and granular theories of the Universe. By a 

proper choice of coordinates many typical phenomena may easily be 
brought under the scheme of the last article. We may instance the 
electric and magnetic phenomena occurring in a system of bodies 
which are either perfect conductors or perfect insulators, and in 
which no magnetic hysteresis occurs. 

If it be possible to bring all physical phenomena under this 
scheme, then we have a dynamical theory of the Universe. 

A further simplification occurs if it be possible to reduce the 
system to a collection of isolated mass -points, devoid of rotatory 
inertia, moving in accordance with Newton's Laws, and attracting or 
repelling each other with forces which are continuous or discontinuous 
functions of the distance between them. A medium formed of such 
mass -points might be called a Newtonian or granular medium. The 
medium considered by Prof. Osborne Reynolds 1 ) is of this character. 
It will be seen that for such a medium, taking x rj y rj z r to be the 
coordinates of a grain and £ r , rj r , £ r the corresponding impulse 
coordinates, the expressions for the energy must assume the forms 

L = E — 2^r— ' 

F- Z2F rs {[(x r - x a y+ ( fr - y,) 8 -+ (*r- OT 1 

and if further the grains are to be alike in all respects m r must be 
the same for all grains, and the function F rs the same for all pairs 
of grains. 



1) Scientific Papers vol. III. 
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38. The Principle of the Conservation of Energy. Now every 
system included within the scheme of § 36 obeys two fundamental 
laws, which are known as the Principles of Conservation of Energy, 
and 'Reversibility. 

To obtain the former, consider an isolated system, satisfying 

the equations 

<2^__ dJ7 dp JL _ dU 

dt dp r dt d q r 

dq r dp r 

Multiplying the former by -=— > the latter by ——tt> and summing 

for the different variables we have 

whence 

(45) Z7= const. 
If the system is not isolated we have 

(dU dp dU dq r \ dq r 

which when integrated gives 

(46) U 2 -U ± + ufPrdq r = 

or the gain of energy U 2 — U 1 in any time interval is equal to the 
external work — U f P r dq r done on the system. 

39. Localisation of Energy. The property, that the equations of 
motion of different parts of the universe (e. g. different bodies), which 
are not completely isolated, can be worked out independently of the 
rest by equations of the above form involving the introduction of the 
notion of "impressed forces ", depends on the fact that the coordinates 
of an isolated system can often be divided into groups corresponding 
in general to different bodies, A, B, C of the system, but not excluding 
from the investigation different portions of the ether when such are 
taken into account, these groups being usually characterised by the 
following properties: 

(1) The kinetic energy usually takes the form 

(47) T=T A +T B +T 

where T A is the kinetic energy of A or kinetic energy located in A, 
and depends on the position and velocity coordinates of A and not 
on those of the other parts B, C } . . . This not necessarily true in 
dealing with electric phenomena, where we may have to take account 
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of mutual kinetic energy. In the case of the mutual induction of 
two circuits we have an instance in point and the equations of 
motion of the two circuits are interdependent and cannot be separated. 

We shall assume such exceptional cases excluded where they would 
invalidate our arguments. 

(2) The potential energy takes the form 

(48) r JL +r AB +v B + .- 

where V A is the potential energy located in A V AB the mutual 
potential energy of A and IB. 

Taking q Ay q B , . . . to be types of the coordinates of the parts 
A, JB } . . ,, then in any change 

(49) S ^ d q A -dr A 

is the increase in the potential energy of A } and is a complete 
differentia^ V A being a function of the coordinates q A , 

(50) z d J^l dqA=d W A 

is the external work done by the body against the external forces 
which are given by the type 

(51) ^-%f" 

In the case of two bodies in contact the actions and reactions 
are equal and opposite, and in any motion the displacements of their 
points of application are equal. In such cases as this the works done 
on the bodies are equal and opposite so that 

dV dV 

(52) 2- w ^dq A +2 T ^dq B =aW A +dW B =0. 

In other cases as where actions at a distance occur 

dV dV 

(52a) z^AZ d q A + 2^dq B = dV AB 

gives the increase of mutual potential energy of the two A, JB bodies ; 
and this is equal to the algebraic sum of the works done by the bodies. 

This mutual potential energy may he regarded as located in tlie 
medium by which the forces are transmitted from one body to the 
other. With this assumption all energy may he regarded as located 
either in separate hodies or in the ether. 

By the intrinsic energy of the body A is meant only the kinetic 
and potential energy located in A y that is U A) where 

(53) U A =T A +V A . 
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The principle of conservation of energy may now be written 
(54) dU A +dW A =0 

or the decrease of intrinsic energy is equal to the work done by the body. 

40. Reversibility. In the next place the motions of a dynamical 
system possess an important peculiarity which is expressed by saying 
that they are perfectly reversible. 

We may illustrate the meaning 
of reversibility by considering the 
motion of a projectile under gravity 
alone. Let a body be projected 
from A with velocity U at an ele- 
vation a, and in any time T suppose 
it to describe the arc AB, arriving 
at B with velocity V making an 
angle /? with the horizon. Then we 
know that if the body is projected 
from ft with a equal velocity V in 
the opposite direction it will retrace 
its steps over the same parabola, 
and will after a further interval T 
return to A with a velocity U equal 
and opposite to the original velocity 
of projection. We may therefore 
say that the parabolic motion of a 
projectile is reversible, meaning that 
corresponding to any motion, which 
we may call a direct motion, a re- 
versed motion is possible in which 
the projectile retraces its steps, 
describing the same path backwards, 

taking the same time over the same arc, and passing through the 
same points with equal and opposite velocity. 

On the other hand the motion of a projectile in a resisting 
medium is irreversible. Thus if in the direct motion the medium 
exerts a retardation proportional to the square of the velocity, a 
reversed motion which is an exact counterpart of the direct motion 
could only be obtained by postulating an acceleration proportional to 
the square of the velocity, whereas in reality a retardation would 
again be exerted by the medium. 

If the differential equations of motion of a system be expressed 
in terms of the position coordinates only as dependent variables, the 
motions which they determine will be perfectly reversible if the 
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equations of motion are unaltered by writing — dt for dt 7 that is if 
they only involve even powers of dt in the differential coefficients. 
Thus motions uniquely determined by the differential equations in x 

( 55 ) l? + °{in)'+>>*- 

are reversible, while those determined by 

(56) ** +a *3 + hx - 

are irreversible. 1 ) 

The equations of rational mechanics always represent reversible 
motions, provided that (1) the kinetic energy is a homogeneous 
quadratic function of the velocity or impulse coordinates and (2) that 
the external forces are functions of the position coordinates only. 
To prove this it is most convenient to take the equations in the 
Lagrangian form 

dt[dq r ) dq r +dq r - lr ' 

41. Physical unreality of reversible processes. In Nature all 
phenomena are irreversible in a greater or less degree. The motions ' 
of the celestial bodies afford the closest approximations to reversible 
motions, but motions which occur on this earth are largely retarded 
by friction, viscosity, electric and other resistances, and if the relative 
velocities of the moving bodies were reversed, these resistances would 
still retard the relative motions and would not accelerate them as 
they should do if the motions were perfectly reversible. 

Irreversibility may be either statistical or actual. If the molecules 
of a body form a rational dynamical system satisfying the conditions 
of § 36, the changes which take place would be perfectly reversible, 
if in reversal, the velocity of every molecule of the system were 
reversed. As however it is impossible to control the motions of 
individual molecules, the phenomena which can be observed in such 
a system by means which we are able to command may take the 
form of irreversible effects. In such a case the system is statistically 
irreversible. On the other hand if the motions of the ultimate parts 
of the system (atoms or molecules) are themselves irreversible we 

1) When -=- is positive equation (55) represents the motion of a particle 

under a force to the origin varying as the distance, subject to a retardation 
varying as the square of the velocity. But in a resisting medium the motion is 
not uniquely denned by equation 55 for as soon as the velocity becomes negative 
the equation of motion is changed to 

(55a) __«(_) +6a! _o. 
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have a case of actual irreversibility, and the changes in the system 
can no longer be represented by assuming the conditions of § 36. 

The hypotheses that not only are the phenomena of nature only 
statistically irreversible but that the universe is a rational dynamical 
system with the properties of § 36 are confirmed by many results 
of the Kinetic Theory of Gases. But whether the reversibility is 
actual or statistical; a dynamical scheme which takes account of motions 
of individual molecules is far too elaborate and minute to be employed 
in all practical calculations relating to the phenomena observed in 
nature as irreversible. It therefore becomes necessary to formulate 
a new scheme, and the simplest way of doing this is by the introduction 
of additional variables not conforming to all the conditions of § 36. 

42. Available Energy. If a system is statistically irreversible in 
the sense here considered, and its ultimate parts conform to the 
properties of § 36, the system will satisfy the Principle of Conservation 
of Energy, so that as long as no energy is supplied to the system 
from without the total energy will remain constant. But only a 
limited portion of this energy will be capable of being utilised for 
conversion into mechanical work. For in order to utilise the whole 
of the kinetic energy of the molecules, it would be necessary to reduce 
each molecule individually to rest. The impulses which would have 
to be applied to the molecules would be exactly half those necessary 
to reverse the motions of the system. The process is impossible 
in reality. Maxwell however gave the name demon to a hypothetical 
agent capable of controlling the motions of individual molecules, and 
with this nomenclature, statistical irreversibility consists in the property 
that "Maxwell's demons" exist only in imagination and not in reality. 

We are thus led to the conclusion that under any given conditions 
only a limited portion of the energy of a system can be converted 
into mechanical work. This portion is called the available energy of 
the system subject to the given conditions. In order, however, to 
completely define the available energy of a system, it is necessary 
to specify not only the external conditions to which the system is 
subject, but also the means at our disposal for converting energy 
into useful work. 

43. A parallel in mechanics. Owing to the Earth's rotation 
about its axis and its orbital motion about the Sun, the Earth 
possesses an enormous store of unavailable energy. The only mechanical 
energy which is available, is that depending on the relative displacements 
and motions of bodies on the Earth's surface. It is in general im- 
possible to influence the Earth's motions as a whole, for this would 
necessitate producing equal and opposite reactions on some other body. 
Hence it is impossible to draw on the store of energy contained in 
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these motions. An exception occurs in the case of the tides which 
are produced by action and reaction between the Earth and the Moon 
and Sun, and which may to some extent be utilised for driving 
machinery in suitable places. 

Generally (a) if one imagines an isolated system of bodies moving 
freely through space with a common uniform velocity, the mechanical 
energy which is available without going outside the system is zero, 
but if the parts of the system are in relative motion among them- 
selves the available energy will be the amount of work that can be 
obtained by reducing the system to a state of uniform translation 
combined with rotation in a configuration of stable relative equilibrium 1 ) 
without altering its linear and angular momenta. 

On the other hand (b) if a system is in the presence of a very 
large uniformly moving body or base such as the earth, its available 
mechanical energy is the amount of work that can be produced in 
making its velocity the same as that of the large body. 

Cases (a) and (b) have their parallels in thermodynamics in the 
cases of an isolated system of unequally heated bodies and of a 
system in the presence of a large body of uniform temperature, as 
we shall see later. But the problems are essentially distinct and in 
Thermodynamics, we shall not as a rule find it necessary to take 
account of the unavailable mechanical energy considered in this article. 

44. Dependence of available energy on external conditions. In 

the dynamical illustration of the preceding paragraph it will be seen 
that the available energy of the system depends not only on the actual 
state of the system, but also on the external conditions to which 
the system is subjected. Thus if the system is moving with velocity 
V in the presence of a base moving with the same velocity, none of 
the kinetic energy of the system is available for conversion into 
work, and the only energy which is available is the potential energy. 
The total available energy is therefore a minimum. On the other 
hand a system at rest may become a source of available energy when 
brought into the presence of a moving base and the amount of this 
available energy (apart from any potential energy due to the mutual 

actions of the body and base) is easily seen to be y m F 2 where m 

is the mass of the system. 

Lastly, if we have two bases moving with different velocities it 
is possible to generate work indefinitely by bringing a third body 
alternately under the influence of the two bases. 

1) If the configuration of stable relative equilibrium is not uniquely 
determined by the momenta, that configuration must be selected which has the 
least energy. 
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The therniodynamical analogues of these properties, which will 
be discussed more fully later, are that if a body is surrounded by a 
medium at temperature T the total available energy is a minimum 
when the temperature of the body is T; that a cold body may 
become a source of available energy in the presence of a hotter one, 
and that work may be generated indefinitely by bringing a body 
alternately into the presence of a hotter and colder medium, as in 
Carnot's cycle 

• 45. Another illustration. A mass of gas can do work by 
expanding and it therefore possesses energy which in the process of 
expansion is converted into work. But if the gas is surrounded by 
a medium at constant pressure the only available energy is the work 
which would be done by the gas in expanding till its pressure is 
equal to that of the medium. Again, a vacuum or a region containing 
gas at a lower pressure would become a source of available energy 
in the presence of such a medium. Lastly for several gases surrounded 
by a closed envelope the available energy would be the work done 
in expanding till the pressure was uniform throughout the interior 
of the envelope. [We may suppose for the sake of simplicity that 
the pressures of the gases are functions of their volumes only and 
that the temperature is everywhere constant. This assumption 
enables us to omit temperature altogether from our equations and 
consider the phenomena in their purely dynamical aspect.] 

46. Differential elements. In studying the dynamical properties 
of extended distributions of matter, the conception of a differential 
element is frequently introduced. Thus, in order to define the density 
of a substance, when variable, we take a volume -element {dxdydz) 
enclosing any point (x, y, £) of the substance, then if the mass of 
this element is qdxdydz and the dimensions of the element are 
suitably chosen, q will represent the density of the body at the 
point (#, y, z). Similarly in defining pressure of a fluid at a point, 
we take a plane surface -element dS containing the point and suppose 
the thrust on it is pdS, then if the dimensions of the element are 
snitably chosen, p will be the pressure at the point. 

The difficulty in these definitions arises from the fact that 
mathematical theory requires the element in either case to be infinitely 
small while physical considerations require it to be infinitely great. 
It is only by taking the element infinitely small compared with the 
dimensions whose measurements we are considering that the methods 
of the differential and integral calculus become strictly applicable, and 
that the measures of density and pressure tend to approach limits 
which are independent of the size of the elements of volume and area. 
On the other hand if matter is made up of molecules, density and 
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pressure have no meaning as applied to elements of molecular 
dimensions, and it is only by taking the respective elements infinitely 
large compared with the corresponding spaces occupied by individual 
molecules that the measures of these quantities become independent 
of the effects of individual molecules. 

The property that infinitesimal analysis can be applied to the 
solution of many problems in dynamics or other branches of mathe- 
matical physics, involving space distributions of matter, is explained 
by the extreme smallness of the space occupied by each individual 
molecule in comparison with bodies which are regard as "of finite 
size". This smallness is illustrated by the fact that in a cubic 
centimetre of gas there are about 5.4 x 10 19 molecules. It is there- 
fore possible to choose an element of length, area, or volume so small 
that it may regarded as infinitesimal for purposes of analysis and yet 
so large in comparison with molecular dimensions that its structure 
may be treated as homogeneous instead of molecular. 

Such an element we shall define to be a u differential element" 
of volume, mass, area or length as the case may be. 1 ) We notice 
that similar considerations also lead to the conception and definition 
of a differential element of time, which shall be small compared with 
the times (such as a second) during which finite motions of finite 
bodies take place, and large compared with the time intervals defined 
by the motions of individual molecules. 

The difference between thermodynamics and the kinetic theory 
(statistical mechanics), is that the former branch of study seeks to 
investigate certain properties of matter in terms of their effects 
considered with respect to differential elements of time and space as 
a whole, while the latter seeks to investigate the progress of events 
within these individual elements themselves. 



CHAPTER V. 

GENERALISED CONCEPTIONS OF ENERGY. 
IRREVERSIBILITY. 

47. The notion of energy in its most general aspect. From 
considerations such as those briefly indicated in the last chapter, it 
can be seen that the principles of rational mechanics (at any rate 
apart from statistical methods) can be only applied to explain pheno- 
mena that are both conservative and reversible. 



1) The term physically small has also been suggested for such elements 
and is used by Leathern, "Volume and Surface Integrals used in Physics", p. 5. 
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In order to deal with irreversible phenomena and in particular 
with the class of phenomena falling under the head of thermo- 
dynamics ; it is necessary in the first place to introduce a broader 
and more general conception of energy than suffices for the study 
of the particular class of phenomena included under Rational Dynamics. 

The following statements may be regarded in the light partly of 
a definition of energy, and partly of an enunciation of its' properties 
which are assumed as fundamental. 

There is a certain entity called energy tvhich is characterised by 
the following properties: 

(1) In an isolated system the total quantity of this entity always 
remains constant. 

(2) The energy of a system cannot be changed without some real 
physical changes talcing place in the state of the system. 

(3) The kinetic and potential energies of dynamics are particular 
forms of this entity. 

The first statement is the Principle of Conservation of Energy, 
and it leads to the following conclusions. 

If the energy of a finite non- isolated system or part of a 
system changes in amount, then changes of equal but opposite amount 
must occur somewhere outside the system or part considered, so as 
to make the total amount unaltered. 

According to (2) if the physical state of a system is completely 
defined by certain variables, the energy is a function of those variables 
only, and does not depend on the past history of the system previous 
to attaining the state in question. 

On the other hand, if the state of the system is defined so far 
as certain physical phenomena are concerned by certain variables, 
and we have evidence, from the existence of irreversible phenomena, 
or from any other cause, that energy changes have occurred in the 
system which are independent of the changes of these variables, we 
infer that the variables originally assumed are not sufficient to 
completely determine the physical state of the system, but that this 
state depends on spme other variables as well. 

48. Observations. In connection with the above statements we 
notice the following points: 

(1) The energy of an isolated system is not the only quantity 
which remains constant. The components of momentum also remain 
constant, but the energy is the only quantity which possesses the 
property of being wholly or partially transformable into the forms 
of energy defined in Dynamics. 

(2) As it is impossible to conceive or realise a state of zero 
energy ', it is necessary to include an unknown constant in the expression 
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for the energy. But this constant, though unknown, is perfectly 
definite and unchanging in value, and thus the principle of conservation 
of energy is not made less definite by its presence. 

(3) Under the general term physical state of a system, we include 
such data as the positions of its parts, its state of rest or motion, 
the chemical constitutions of the various parts of the system, its 
state of electrification and magnetisation, its state of stress or strain 
and other properties. We establish Thermodynamics on a footing 
independent of preconceived notions as to heat by assuming that 
the list of variables by which the state of the system was defined, in 
the first instance, excluded all reference to the phenomena of heat 
and temperature. Under such circumstances experience shows that 
phenomena occur indicating changes of energy which are independent 
of the variables originally postulated. We conclude that the original 
choice of variables was not sufficient to completely specify the 
physical state of the system. It then becomes the object of Thermo- 
dynamics to investigate the additional changes of physical state 
postulated by experience, and to discuss their representation by a 
suitable choice of variables and formulae. 

49. Irreversibility. If a system passes from a state i to a 
state JB the change is said to be irreversible when the system cannot 
pass of itself back from the state JB to the state A, and can only be 
made to do so by the action of outside influences. 

In connection with irreversible phenomena the following axioms 
have to be assumed. 

(1) If a system can undergo an irreversible change it tvill do so. 

(2) A perfectly reversible change cannot talce place of itself; such 
a change can only be regarded as the limiting form of an irreversible 
change. 

We shall call a transformation positive, when that transformation 
tends to take place of itself; the reverse transformation will then be 
negative, so that a negative transformation cannot take place of itself. 

Since the total quantity of energy is by hypothesis constant) 
any change which occurs and which involves energy may be regarded 
as implying a transformation of energy from one form to another. 
If then a system undergoes an irreversible transformation from the 
state A to the state JB this energy of the system is necessarily less 
capable of being transformed into other forms of energy in the final 
state than it was in the initial state. 

For every state G of the system which can be reached by 
starting from the state JB can also be reached by starting from the 
state A and passing through the state JB. On the other hand, if in 
passing from A to B by any irreversible process, the system passes 
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through any intermediate state D, the state D can be reached by 
starting from A, but can not be reached by starting from the state B. 
If then we use the term availability to designate the extent to 
which the energy of any given system in any given state is capable 
of being transformed into other forms of energy, we may regard it 
as a self evident truth that in any irreversible transformation there is 
a loss of availability. 

50. Compensating transformations. When a transformation AB 
of a given system S is in itself irreversible and therefore positive, 
the reverse or negative transformation BA can nevertheless {sometimes 
at any rate) be made to take place by the introduction of a com- 
pensating transformation. The meaning of this will be made clearer 
by considering in the first instance the simple mechanical illustration 
of two weights connected by a pulley in such a way that when one 
rises the other falls. Each weight tends to fall to the ground but 
it can only do so by raising the other weight. The weight which 
preponderates will raise the other. If neither weight preponderates, 
there will be equilibrium, and a slight disturbance one way or the 
other will determine the direction in which the system moves. 

Now let U be a second system capable of performing a positive 
transformation CD, and let the systems be combined together in such 
a way that the positive transformation CD can only take place 
simultaneously with the negative transformation BA and vice versa. 
Then if the two simultaneous transformations BA, CD taken as a 
whole constitute a positive transformation, this transformation will, 
if it can, take place of itself by axiom (1) above, and will be irre- 
versible; if the combined transformation is negative the reverse trans- 
formation will, if it can, take place of itself, and the system 2J will 
undergo the negative transformation DC while S undergoes the 
positive transformation AB. In the limiting case when the opposite 
tendencies of the systems exactly balance each other, there will be 
no tendency for the combined system to undergo transformation in 
one direction more than the other, and a transformation in either 
direction will be perfectly reversible. In this cage a positive trans- 
formation of one system is said to be compensated by a negative 
transformation of the other. 

In reality this limiting case can never be actually realised 
because loss of availability must necessarily take place in the connections 
by which the two systems are bound together, or elsewhere. 
We may exemplify this point if we think of the mechanical illu- 
stration of two equal weights hanging by a string passing over a 
rough pulley. Although the weights theoretically balance one another 
a considerable effort must be made to overcome friction in order 
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to move the system in either direction. Again, in order that the 
system may move of itself, the descending weight must exceed the 
ascending one by an amount depending on the friction of the pulley. 
Still, if one irreversible physical phenomenon can be reversed by 
coupling it with a different irreversible phenomenon, Ave know that 
the irreversibility is comparable in the two phenomena, and that it 
is at least theoretically possible to adjust the magnitudes of the two 
changes in such a way as to make them compensate each other. In 
this case we may say that in both transformations the irreversibilities 
are of the same kind or convertible. 

51. Availability measured in terms of energy. When a number 
of irreversible transformations are of the same kind, it is possible to 
make quantitative comparisons of their irreversibility or loss of 
availability by choosing as the compensating transformations, changes 
in which energy is transformed from one particular form to another 
less available form, the initial and final forms being the same in 
each case. The quantity of energy so transformed in the transformation 
required to compensate any given irreversible transformation will 
then afford a numerical measure of the irreversible changes connected 
with the given transformation. We may thus replace the words 
"loss of availability" by the more precise wording "quantity of 
available energy lost". In order to make this measure a definite one 
it is necessary to specify what is meant by available energy, i. e., 
when energy is available and when it is not, and this necessarily 
depends on the assumed conditions under which energy is trans- 
formable from one form to another. 

There is of course no a priori reason for asserting that all the 
irreversible phenomena of the Universe are of the same kind, as it 
is possible to conceive transformations which bear no relation whatever 
to each other. If such exist, they must be discussed separately, and 
cannot be made the subject of quantitative mathematical investigations 
common to them. It must be regarded as the result of experience 
and not as a self-evident truth that a very large class of actual 
physical and chemical phenomena lend themselves to investigation by 
the methods described in this book. 

52. Availability of known forms of energy a matter of experience. 

We now see that the Principle of Irreversibility as applied to energy 
phenomena, naturally leads to the conceptions of availability, and of 
available energy, provided that these conceptions are defined exclusively 
with reference to the power of transforming energy from one form 
to another. In order to build up a theory which will account for 
the irreversible phenomena of our universe, it is necessary to appeal 
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to experience when we attempt to identify the available energy thus 
defined with different forms of energy with which we are familiar. 
We are thus led to assume the following axiom which may be 
regarded as the simplest form of the Second Law of Thermodynamics: 

Energy in the form of mechanical ivork is always wholly convertible 
into any other forms of energy to which the present theory is . applicable, 
but tlte converse processes are not in general possible. 

From this axiom ; it may- be seen that: 

The available energy of a system subject to given external conditions 
is the maximum amount of mechanical tvwk tJieoretically derivable from 
the system ivithout violating the given conditions. 

We may regard this statement coupled with the statement that: 

In all irreversible transformations available energy is lost, never 
gained 

as constituting a fundamental law of nature which we shall call the 
Principle of Degradation of Energy. Either of the two statements 
may be regarded as a definition of available energy, and the other 
statement will then be an axiom based on experience. 

The necessity of the appeal to experience is manifest from the 
following considerations: If in our Universe events occur in a certain 
definite sequence, it is possible to conceive a universe in which events 
occur in the opposite sequence, by merely reversing the scale of 
time. In such a universe the transformations of energy would be 
exactly the opposite to those of which we have experience, and the 
forms of energy which are least capable of being converted into other 
forms in our Universe would become the most convertible. In stating 
this it is assumed that the individuals living in either universe possess 
the power of influencing the progress only of future events and 
possess a knowledge only of past events. This assumption is impli- 
citly involved in all our ideas relating to irreversibility. 

53. Theoretical and practical limitations to conversion of energy. 

In practice a system may often possess a considerable amount of 
energy which is easily recognisable as mechanical, potential or kinetic 
energy, although it would be very difficult to devise mechanisms for 
employing this energy to drive machinery. Thus when a ship goes 
through the water a large amount of energy is expended in setting 
up waves and vortices and is still recognisable as mechanical energy, 
although it is practically impossible to recover this energy or to 
apply it to a useful purpose. Energy of vibration or of sound waves 
may be taken as another instance. There is thus an apparent difficulty 
in drawing the line between energy which is, and energy which is not 
directly convertible into mechanical work. To overcome this difficulty 
it will probably be at least sufficient for our present purpose to 
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agree to classify under the title mechanical energy all those forms of 
energy which occur in the study of reversible rational mechanics. 
This would include the energy of wave motion and vortex motion 
referred to above; since these forms of energy occur in the reversible 
dynamics of a perfect fluid. They become associated with irre- 
versibility when the fluid is assumed to be viscous, and then the 
effect of viscosity is to absorb, or rather convert them into less 
available forms in accordance with the principle of degradation of 
energy. Again if we introduce the conception of differential elements 
as introduced in § 46 the energies due to the motions of such 
elements as a whole, and to strains in the elements which in the 
limit may be regarded as homogeneous, will all be of the nature of 
mechanical energy. 

In most problems in thermodynamics we are able to assume 
that such forms of energy as those of wave motion or vibration 
have been transformed, and that the mechanical energy of the systems 
is either due to simple homogeneous strains, or is, at any rate, a 
function of a small number of independent variables. In such cases 
it is easy to draw the Hue between the energy which is and that 
which is not wholly available. 

54. Qualitative nature of irreversible thermodynamics. The 

principle of degradation of energy merely deals with the direction in 
which energy transformation tends to take place and makes no 
statement as to the rate at which the change proceeds. The study 
of the rates of change is necessarily based on experiment; no 
general laws can be enunciated, and each transformation has to be 
studied in detail as in the theories of friction, viscosity, conduction 
of heat, law of electric resistance, and other phenomena. Hence 
irreversible thermodynamics is in general a purely qualitative and 
not quantitative study, and its phenomena are represented by inequalities, 
not equations. When, however, we pass to the study of reversible 
processes by treating them as the limit of irreversible ones, the 
inequalities of irreversible thermodynamics become equalities and the 
results become quantitative. The same is the case, frequently, when 
we consider the ultimate distribution of energy in a system that has 
been left for such a long time that no further irreversible changes 
can occur. 
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CHAPTEE YL 

THE CHARACTERISTICS OF A THERMODYNAMICAL SYSTEM. 
THE NOTION OF TEMPERATURE. 

55. Characteristics of a therinodynamical system. We are now 

led to the consideration of conservative and irreversible systems in 
which degradation of energy takes place in such a way as to diminish 
the amount of energy utilisable in the form of mechanical work. 
Even this statement allows considerable latitude in regard to the 
general character of the phenomena occurring in such systems, and 
further assumptions are necessary in order that the system should 
reproduce the effects observed in the experimental study of heat. 

At the outset we shall confine our attention to endeavouring: 
to account for such irreversible processes as might be conveniently 
characterised as "thermo- mechanical" phenomena. By this we exclude 
all chemical actions for the present, and indeed until Chapter XV, 
where such actions are treated for the first time. Moreover, we limit 
ourselves until Chapter X to discussing energy changes in a system 
of material bodies. By this we do not exclude the possibility of 
energy passing by radiation from one body to the other, but we assume 
that the bodies are so near together that the passage may be regarded 
as instantaneous, and the quantity of energy in transit in the inter- 
vening ether may be neglected. 

We commence by supposing the system divided into differential 
elements of mass dm occupying differential elements of volume 
dxdydz subject to the conventions contained in the definitions 
of § 46. 

There are two methods in which degradation of available energy 
may take place in the system: 

(a) by changes which take place entirely within the mass-elements 
(dm) without energy being transformed from one element to another; 

(b) by changes in which energy passes from one mass -element 
to another, or more generally from any portion of the system to the 
other, where such changes cause a decrease of the total amount of 
available energy. 

Now there are certain processes in Nature, such as the friction 
of fluids, in which available energy is absorbed according to method 
(a) within the volume elements themselves. Such, processes are 
commonly spoken of in text books on Theoretical Mechanics as non- 
conservative. They can be equally well explained, as is indeed generally 
done in these books, by restricting the term "energy" to dynamical 
energy, kinetic and potential. In this case it is. commonly stated 
that " energy is lost" in the system, meaning that "available energy 
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is lost", and the phenomena occurring in the system can often be 
adequately discussed without making enquiries as to what becomes 
of this lost energy. 

If energy were unable to pass from one portion of a system to 
another otherwise than by the performance of mechanical work, only 
the available energy could be so transferred, and any energy rendered 
unavailable by irreversible changes in an element would remain 
permanently locked up in that element. If the unavailable energy 
thus accumulated were not to affect the physical properties of the 
element, this energy would be completely lost, and we should have 
no evidence of its existence or of the truth of the principle of 
conservation of energy. On the other hand if the accumulated 
unavailable energy were to affect the physical state of the element, 
we should have a state of affairs in which the properties of all 
bodies were continuously changing and no body could ever be brought 
back to its initial state by any external agency whatever. Such a 
condition of affairs is contrary to our experience. 

We are thus led to postulate a system in which energy can pass 
from one element to another otherwise than by the performance of 
mechanical tcorlc. 

56. Still confining ourselves to the consideration of purely 
hypothetical systems, it is again possible to postulate any one of 
the following assumptions with regard to this assumed transference 
of energy. 

(1) The whole of the energy so transferred is, under all conditions, 
unavailable for transformation into mechanical work. 

or (2) The transferred energy is partly available and partly unavailable, 
but the transference does not alter the quantity of available energ} r 
present in the system as a whole. 

or (3) The transference of energy tends, in general, to decrease the 
total quantity of available energy present in the system. 

If assumption (1) be made, the transferred energy can be dis- 
regarded in considering the progress of dynamical events in the 
system, and the dynamical phenomena will be identical with those 
of a non- conservative system such as is considered above. 

If assumption (2) be made, the available and unavailable portions 
of the transferred energy may be considered separately. The trans- 
ferences of the available portions may, by a proper choice of coor- 
dinates, be represented by the equations of rational dynamics, in 
which case the transferred energy assumes the form of work done 
by the variation of the coordinates so chosen, and if the unavailable 
energy be neglected, we are left with a system which is again equivalent 
to the same non -conservative system as before. 
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In thermodynamics we shall find an illustration of this very 
point. So long as only reversible transformations are considered we 
shall find that the equations of thermodynamics are identical in form 
with the equations of dynamics with the addition of an extra position 
coordinate (the entropy) and its corresponding generalised force 
coordinate (the temperature). 

We are thus led to adopt assumption (3) as the simplest charac- 
teristic feature of a system which cannot be better represented by 
the equations of non- conservative dynamics. 

57. We accordingly define a thermodynamical system as one 
possessing the following properties distinguishing it from the systems 
considered in rational mechanics. 

(1) Its energy is not a function of the position coordinates and 
the corresponding generalised velocity components alone ; but is capable 
of undergoing independent variations. 

(2) These variations consist in transferences of energy between 
different parts of the system or between the system and other systems, 
in conformity with the principle of conservation of energy. 

(3) These transferences of energy are distinguished from those 
considered in rational dynamics, in that they are in general accompanied 
by a loss of available energy, and are therefore in general, by the 
principle of degradation of energy, irreversible. In the systems of 
rational dynamics all energy is available and all transformations are 
reversible. 9 

(4) As in § 39, the total energy may be expressed as a sum of 
terms representing respectively the parts of the energy which are 
located in different bodies and in the ether. 

58. Quantity of Heat. Definition. When energy flows from one 
system or part of a system to another otherwise than by the perform- 
ance of mechanical work, the energy so* transferred in called heat. 

If the energy of a body increases by d U while the body at the 
same time performs external mechanical work of amount dW, the 
body is said to receive a quantity of heat dQ 7 defined by the relation 

(57) dQ = dU+dW. 

This relation thus affords a definition of the quantity of heat 
absorbed or emitted by a body. It is to be observed that we cannot 
speak of the quantity of heat contained in the body. 

For if the body undergoes a cyclic transformation so that its 
initial and final states are identical it must have the same energy at 
the end as at the beginning. But it does not necessarily follow that 
the algebraic sums of quantities of heat absorbed and of work done 
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by the body are each separately zero. What we do learn by integration 
of (57) is that since the total energy is the same at the end as at the 
beginning [i. e. since (f)dU — 0] therefore 

(58) (S)*Q-(S)*W 

or the total quantity of heat absorbed is equal to the total quantity 
of work done in the cycle, the sign ( f) indicating integration taken 
round a complete cycle. If we were to imagine the body at every 
instant to contain a definite quantity of heat, this quantity would be 
greater at the end than at the beginning of the cycle by an amount 
( f)d Q, and either it would be implied that there was some difference 
between the initial and final states — such difference being contrary 
to the definition of a cycle, — or the statement would be meaning 
less. The other alternative, that of assuming that a cycle could only 
exist in which (f)dQ and ( f)dW were both zero would imply an 
independence of heat energy and work energy, which is not only 
contrary to experience, but which would fail to account for degradation 
of the latter form of energy. 

If, instead, we consider a change of the system from a state J. 
to a state JB, and let Ua and U B denote the energy of the system 
in the two states, we have 

B B 

(59) ■ U B -U A = JdQ-jdW. 

A A 

From what has been said above it follows too that dQ and dW 
are not themselves perfect differentials but that their difference 
dQ — dW is a perfect differential of the function U which is the 
energy of the system. 

59, When two bodies act thermically on one another the 
quantities of heat gained by one and lost by the other are not 
necessarily equal. 

In the case of bodies at a distance, heat may be taken from or 
given to the intervening medium. 

The quantity of heat received by any portion of the ether may 
be defined in the same way as that received by a material body. 

Another important exception occurs when sliding takes place 
between two rough bodies in contact. The algebraic sum of the 
works done is different from zero, because, although the action and 
reaction are equal and opposite the velocities of the parts of the 
bodies in contact are different. Moreover, the work lost in the process 
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does not increase the mutual potential energy of the system and there 
is no intervening medium between the bodies. Unless then the lost 
energy can be accounted for in other ways, (as when friction produces 
electrification), it follows from the principle of Conservation of Energy 
that the algebraic sum of the quantities of heat gained by the two 
bodies is equal to the quantity of work lost by friction. From the 
observed result of experience that friction tends .to decrease the 
relative velocity of the moving parts we can easily prove that this 
total quantity of heat gained is positive. This result is in accordance 
with the principle of Degradation of Energy, although it is not a 
necessary consequence of that principle. 1 ) 

60. Condition of internal heat equilibrium. It follows from the 
principle of degradation of energy, that any body or system subjected 
to given external conditions will tend to assume an equilibrium state 
in which the available energy is aminimum for all virtual variations 
of the distribution of energy in the system such as could be produced 
by heat passing from one mass -element of the system to another, 
without violating the given external conditions. When this is the 
case, the system may be said to be in thermal equilibrium or thermi- 
calhj homogeneous. 

The state of such a system can then only be varied either (a) 
by imparting energy in the form of heat to the system as a whole, 
in which case the system will tend to assume a new equilibrium 
distribution, or (b) by variations in the generalised coordinates defining 
the dynamical state of the system. 

It follows that if the state of a thermically homogeneous system 
is defined by n variables or generalised coordinates for changes which 
involve no transmission of heat to or from the system as a whole, 
then, when such transmissions of heat are taken into account, n + 1 
variables will be required to define the state of the system. Since 
the passage of heat to or from the body involves gain or loss of 
energy, we may, in the first instance, choose these n + 1 variables 
to be the energy U and the generalised position -coordinates of the 
system. 

A transformation in which no heat is gained or lost is called 
an adiabatic transformation (cf. § 5). If x 17 x 2 , . . . x n are the gene- 
ralised position-coordinates, X XJ X 2 , . . . X n the corresponding gene- 

1) Conceive a hot body placed in contact with a cold one and slipping on 
it. There is nothing contrary to the principles of thermodynamics in imagining 
that as heat passes from the hot body to the cold one, a certain proportion of 
heat might be absorbed. at the common surface and employed in increasing the 
relative velocity of the sliding parts. Hence the appeal to experience cannot 
be dispensed with. 

BRYAN, Thermodynamics. a 



<» *—i&). 



50 VL THE CHARACTERISTICS OF A THERMODYNAMICAL SYSTEM etc. 

ralised force -coordinates, it follows that adiabatic transformations are 
given by the differential equation 

(60) dU^ZXdx 

connecting the n + 1 independent variables U, x 1} # 2 , ... x n . 

In the case of a homogeneous fluid substance (taken as a type 
of a simple system) the state will be completely defined either by 
the total volume V and energy V or by the volume and energy of 
unit mass, which we shall call v, u. If p is the pressure, and we 
adopt the former alternative, then since 

(61) dU=dQ-pdV 

(dU\ 

Hence p is known when TJ } V are known, and conversely, the 
state of the system is in general known when p and U are known. 
For such a system the state may be completely defined by the variables 
p and V or p and v instead of U and V or u and v. By the new 
choice of variables, the transformations can be represented by an 
indicator diagram as is explained in § 8. 

61. The Second Law of Thermodynamics. Let M and N be two 

independent thermically homogeneous systems. If the states of these 
systems are such that their total available energy is decreased by 
the passage of a small quantity of heat from M to N, it follows at 
once from the principle of degradation of energy: 

(1) that heat will, if it can, flow of itself from M to N, 

(2) that heat cannot be made to pass from N to M without supplying 
available energy from withoxd. 

If we define one system as being hotter or colder than another, 
according as the available energy of the two is decreased or in- 
creased by transporting a small quantity of heat from the first to 
the second, statement (b) is identical with the usual statement of the 
second law which asserts that heat cannot pass from a colder to a 
hotter body without some other change taking place. 

In the limiting case of thermal equilibrium the available energy 
will to the first order of small quantities be unaffected by the trans- 
ference of a small quantity of heat in either direction — a result 
closely analogous to the Principle of Virtual Work in Statics. 

62. The thermal equilibrium between two bodies is independent 
of their relative positions. This important property, though frequently 
overlooked and tacitly assumed in therm odynamical treatises, requires 
somewhat careful consideration. 
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We may in the first place consider two bodies or systems Jf, N, 
which are not both in thermically homogeneous states. Some part 
of M may be hotter than some part of N 9 in which case if these 
parts are brought into contact or otherwise favourably placed heat 
will pass from M to N } while at the same time some part of M 
may be colder than some other part of N, so that by varying the 
relative positions of the systems heat may be made to flow from 
N to 31. It is necessary to show that such cases cannot occur when 
the bodies are in thermically homogeneous states, provided that the 
displacement merely alters their relative positions and not the con- 
figuration of either body. 

Suppose M hotter than N 7 and suppose if possible that by 
varying their relative positions heat could be made to flow from N 
to M, and that after any quantity Q had thus been transferred the 
bodies were brought back to their initial positions. Thus we should 
have transferred a quantity Q of heat from the colder body N to 
the hotter body M , and by making Q sufficiently small, 31 would 
still remain hotter than N after the transformation. From the last 
paragraph this result could only take place if available energy were 
supplied from without, and the only way in which such energy could 
be supplied would be by means of work done during the displacement 
of the bodies from the first to the second position and back again. 
This would imply not only that the bodies exerted attractive or other 
forces on each other during the displacements, but that these forces 
were different during the return displacement from what they were in 
the outward displacement. Hence the truth of the proposition to be 
proved depends on the following axiom: 

The attractions between any two bodies depend only on the relative 
positions and configurations of the bodies and are unaltered by the 
transference of heat to or from either or both of the bodies. 

That this axiom is in accordance with experience affords 
evidence that 

(1) if one thermically homogeneous body is hotter than another the 
same tvill remain the case when their relative positions are altered. 

Similarly (2) if the two bodies are in thermal equilibrium, the 
same tvill be true when their relative positions are altered. 

These results no longer hold if the dimensions or configurations 
of the bodies are altered by the displacement, for example a mass 
of gas which is colder than a given body may be made hotter than 
it by compression. 

63. Carnot's Cycle. To transport heat from a colder body N to 
a hotter body 31 (according to the above definition) available energy 
must be supplied from without. The simplest way of doing this is 
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by processes identical in character with those of Camofs cycle reversed, 
in which an auxiliary body L is taken which first receives heat from 
N, and is then, by compression or otherwise, brought to a state 
capable of imparting heat to M. 

To complete the cycle the body L must then be allowed to 
expand without gain or loss of heat until it is in a suitable state to 
receive a further supply of heat from N. 

To supply the available energy absorbed in a cyclic transformation 
of the auxiliary body a balance of work- energy must be supplied to 
this body in each cycle, and by the principle of conservation an 
equivalent amount of heat- energy must be given to the body M, over 
and above that taken from N. We may thus suppose a quantity of 
heat d Qn taken from N, a quantity d Q M given to ill, and a quantity 
of work dA = dQ M — dQx performed on the auxiliary body during 
the process. 

The reverse process is identical in character with the direct 
Camofs cycle of § 26 in which dQ ! 3 i is received from M, dQ' N is 
given to N, and work dA' = dQ' m— dQ 1 $ is done by the auxiliary 
body during the cycle. 

Since a combination of the direct and reversed cycles can never 
result in a gain of available energy, the ratio of the work to the 
heat taken from or given to the hotter body M must be greater in 
the cycle in which work is absorbed than in the one in which work 
is generated (compare § 27). In other words, by the well known 
proof of combining the direct and reversed motions, the principle of 
limited availability gives that 

and therefore 

and by considering the limiting case where the combination of the 
direct and reversed cycles is accompanied by no loss of availability 
and the processes are all therefore reversible, we get 

(65) (^L) ( dQ 'A 

\ « V A r / maximum \dQ N ) min i mum 



64. Let each of these limiting ratios be written equal to T 3I x 
for the bodies M and N. Then the following properties are readily 
shown to be satisfied by the function T MN . 

(1) T MN is constant for the same two thermically homogeneous 
systems in the same two states. It is independent of their relative 
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positions and therefore only a function of the variables by which the 
states of the bodies M and N are separately specified. 

This may be proved exactly as in § 62 ? and the truth of the 
statement depends on the axiom there enunciated. 

(2) The ratio T MN for two systems M, N } is equal to the corre- 
sponding ratio T M 'n' for any other two systems M', N', of which 
M r is in thermal equilibrium with M and N ' is in thermal equilibrium 
with K 

For if Ty[N> T M 'n' combine a direct Carnot's cycle between M 
and N with a reversed cycle between M' and N' so that the work 
generated in the former cycle is absorbed in the latter. Then the 
heat received by M will be greater than that lost by ill' and that 
lost by N will be greater than that gained by N'. 1 ) 

Now the heat lost by M ! may be taken from M and that gained 
by N 1 may be given to N without loss of available energy. There 
remains a balance of heat gained by the hotter body M and lost by 
the colder body N which is not compensated for by any loss of 
available energy in any other part of the system, which is contrary 
to the principle of degradation of Energy. Similarly T MN cannot be 
less than T^ IN '. 

(3) T M n is independent of the size of the systems M and N 
provided that they are thermically homogeneous. In the case of 
homogeneous fluids, T MJV is therefore a function of their volumes 
and energies per unit mass, not of their total volumes and energies. 

This result follows from the previous one by observing that the 
ratio in question is the same for any two parts of the same two 
thermically homogeneous systems. 

(4) Tj/iv is equal to unity when heat -equilibrium exists between 
M and N, it is greater than unity when heat can flow of itself from 
M to N 9 and less than unity when heat can only flow of itself from 
N to ill. 

(5) We have the relation 

(66) T MN xT NM =l. 

This is simply the property of the differential calculus according 
d Qjj. d Q N 

to which -77^— x -r?r = 1. 
dQ N clQ M 



1) For by hypothesis dQ M —dQ N =dA, and dQ M > — dQ^, = dA whence 

c1 Qji , dA _ d Q M ' dA „ A d Q3i,dQ M > dA^ dA 
^ = lT7r and — 1 = -^ But -—<— — -> 



*Q N d Q N d QN' c1 Qn' d Q N d Q N , dQ N ^dQ y , 

whence if dA is the same for both cycles dQ N ^> dQ r N and dQ M ^> dQ' M , 
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(6) Taking a third system P, we liave by comparing the cycle 
between M and N with a combination of two cycles between M 
and P and between P and N respectively 



(67) Tmn = Tmp x Tpx = -jt 

This is proved exactly as in § 27. 



T 

± MP 



n p 



65. Absolute Temperature. Now let the system P be taken to 
be a standard system whose state is kept constantly fixed, while other 
systems are compared with it. 

The expression T M p will then be a function only of the variables 
which defiifce the state of the system M. 

T MP is said to be the absolute temperature of the body 31 referred 
to P as unit of absolute temperature. 

If any other body Q be substituted for P, the unit of absolute 
temperature will be altered, but the numerical measures of the tem- 
peratures of all bodies will be altered in the same ratio. For by 
(67) above 

Tmq — Tmp x Tpq 

in other words the absolute temperature of M relative to Q is equal 
to absolute temperature of M relative to P multiplied by the absolute 
temperature of P relative to Q. Hence all the new absolute tem- 
peratures are obtained by multiplying the old ones by the same 
constant factor T P q. 

The properties proved in the last article are identical with the 
properties of temperature proved in treatises on experimental heat 
and mentioned in Chapter I. We thus have a deduction of these 
temperature properties from the Principle of Availability, which is 
independent of any preconceived ideas regarding temperature. 

66. Temperature at a point. When a body is not in a thermi- 
cally homogeneous state its temperature at any point can be defined 
by considering a differential element of mass containing that point, 
in the same way that we define density at a point or pressure at a 
point in hydrostatics. We might, for example, say that the temperature 
at any point P was equal to T, if when a mass element dM con- 
taining the point P is removed without changing its physical state 
and placed in contact with a body of uniform temperature T, no 
passage of heat takes place in either direction. 

The property that temperature is a scalar not a vector quantity 
or that the temperature of matter at a point is the same in all directions 
follows from the considerations contained in § 62, and depends on 
the same axiom. As an instance of this point, if we suppose two 
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uniformly heated cubical blocks of material to be in thermal equili- 
brium with two of their faces in contact, they will remain in thermal 
equilibrium when any other two faces are brought into contact. An 
exception to this statement pould only occur under the conditions 
discussed in § 62. It would require work to be done in turning the 
cubes over into their new positions, and the amount of this work to 
be altered if heat were to flow from one cube to the other. It is 
not to be inferred that when radiation takes place through the ether 
in a particular direction the temperature at a point of the ether is 
necessarily the same in all directions, or even that the ether has a 
temperature, for the above proof only applies to material bodies. 

67. Temperature of moving body. When of two bodies M, N, 
one is at rest and the other is in motion, or both are moving with 
different velocities, their temperature ratio can still be defined by 
means of an auxiliary body L performing a Carnot's cycle between 
the two, but in this case the velocity of the body L will have to 
be changed in the course of the adiabatic transformations in such a 
way that when L is in contact with M it is moving with the same 
velocity as M , and when in contact with N it is moving with the 
same velocity as N. 

This definition gives rise to no special difficulties in the cases 
ordinarily occurring in nature. The work done in changing the 
velocity of the auxiliary body being equal to the alteration of kinetic 
energy of the body as a whole, the sum of the works thus done in 
the two adiabatics of the cycle is zero. In order that the sum of 
the works should be different from zero it would appear necessary 
that the inertia of the auxiliary body should be altered by communi- 
cating heat -energy to it; if such a phenomenon were to exist the 
present arguments would break down. 

We can also suppose heat equilibrium to be maintained by radiation 
between two bodies whose velocities are unequal and which are not 
actually in contact. We here assume that either the transmission of 
heat between the bodies is instantaneous, the heat - capacity of the 
intervening ether being neglected, or that an equilibrium state has 
been attained between the bodies and the ether. (See Chapter X.) 

From considerations such as the above, it is evidently possible 
to define the temperature at a point at any instant in a system whose 
parts are in motion among themselves and are not in thermal equili- 
brium; at all events in the majority of conceivable cases. 

A body which is in the course of undergoing shearing strain, 
for instance a fluid, appears to present the most favourable conditions 
for finding an exception, if such exist, to the property that the 
temperature at a point is the same in all directions. 
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CHAPTER VIL 

UNAVAILABLE ENERGY AND ENTROPY. 

68. Unavailable energy. The Principle of Conservation of Energy 
involves the result . that any loss of available energy implies the gain 
of an equal amount of unavailable energy. But whereas the phenomena 
of Rational Mechanics involve changes in the location of the available 
energy of a system, they do not imply any transformations of 
unavailable energy. Hence in many cases it is simpler to study the 
properties of the unavailable part of the energy rather than those of 
the available portion, for the reversible transformations of energy in 
the form of work do not have to be taken into account. 

In the last chapter we have seen that the ratio of the absolute 
temperatures of two bodies is defined by the relation 

T N ^dQ N 

• 

where (IQm> cIQn are the quantities of heat gained by one and lost 
by the other in a perfectly reversible Carnot's cycle working in either 
direction between the two bodies. In future we shall use the word 
"temperature" to denote absolute temperature unless otherwise stated. 
As the transference of heat between bodies of finite size changes 
their temperature, cIQm and dQy must in general be infinitesimal. 
If however the bodies are very large, or are by other means maintained 
at a constant temperature, this restriction may be removed and we 
may write 

(68) 



T* Vx 



where Q M , Q N are the quantities of heat gained and lost either in 
one cycle or in a number of cycles. 

The maximum amount of work obtainable from Qjj under these 
circumstances is 



• Qm-Qn or Q M (l- T ±y 



The balance Q N or Q M x ■—- represents energy given in the 

form of heat to the body at temperature T lV , from which no further 
work can be obtained if Ty is the lowest available temperature. 
Under this condition Q N is to be regarded as ivholly unavailable energy. 
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If we had another body capable of receiving heat continuously 
at a lower temperature T we might obtain a further amount of work 



Gr(l-£) 



out of the heat Q$, and then the balance of unavailable energy Q 
communicated to the latter body would only be given by 

Qo = QnitT = QmTtT 
± n ± M 

and would be the same as if the cycle were performed directly between 
the temperatures T 3I and T - 

From these forms we deduce that the unavailable energy associated 
with a given quantity of heat 

(1) is directly proportional to the lowest absolute temperature 
available for a refrigerator 

(2) is inversely proportional to the temperature of the body which 
the heat is entering or leaving. 

* 

69. The anxiliary medium. — Entropy. In the above statements 
we have estimated unavailable energy with reference to a medium 
of constant temperature which can be used as a refrigerator in 
connection with any necessary reversible cyclic transformations involving 
gain or loss of heat. Such a medium may be called an auxiliary 
medium and its temperature the auxiliary temperature. 

If we take a steam engine as a practical illustration we should 
take as auxiliary temperature, the lowest temperature at which water 
could be obtained for the condenser of the engine. The lower the 
auxiliary temperature the less energy unavailable. 

Taking now a quantity- Q of heat entering or leaving a body 
at temperature T, we see that if the unavailable energy Q associated 
with it be divided by the auxiliary temperature T we have 

T T 

or the quotient is independent of the auxiliary temperature. 

Thus -~ may be regarded as a measure of unavailability or factor 

which only requires to be multiplied by any assumed auxiliary 
temperature T in order to give the quantity of unavailable energy 
relative to that temperature. 

This factor is called entropy, and may be denned more precisely 
in two ways. 
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70. First definition of Entropy. If a system or part of a system 
at temperature T receives a quantity of heat dQ the quotient -^r is 

called the increase of entropy of the system arising from this cause. 

If A and B denote two different states of a system which are 
capable of being connected together by a continuous series of reversible 
transformations, then the change of entropy of the system in passing from 
the state A to the state B is defined by the expression 

A 

where the summation extends to all parts of the system and the integral 
is taken along the reversible scries of transformations referred to. 

This definition is the one most commonly known though it is 
frequently stated in a somewhat less precise form. In dealing with 
reversible phenomena it leads to consistent results and is sufficient. 
But there are many irreversible phenomena, for which this definition 
is either inapplicable or can only be made applicable by somewhat 
cumbersome extensions. It is in many ways unsatisfactory or at least 
inconvenient. 



71. Second Definition of Entropy. If from any cause whatever, 
the unavailable energy of a system with reference to an auxiliary medium 
of tempw*ature T undergoes any (positive or negative) increase and if 
this increase be divided by the temperature T the quotient is called the 
increase of entropy of the system. 

As it is only possible to investigate changes of unavailable energy, 
and not its total amount, the expression for the entropy involves an 
unknown constant. This constant occurs in the form of a constant 
of integration in any expressions which are obtained for the entropy 
of particular systems such as perfect gases etc. In most cases the 
entropy takes the form of a logarithm. 

The second definition makes no restrictions as to the nature of 
the transformations which take place; it holds if the unavailable 
energy is imported into the system in the form of heat received from 
without, as well as when irreversible changes occur in the system 
itself, producing an increase of unavailable at the expense of available 
energy. 

The second definition of entropy may perhaps be stated more 
briefly by saying that the entropy of any system is equal to, or differs 
by a constant from the unavailable energy of the system relative to an 
auxiliary medium of unit temperature. 



i 
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72. Clausius' Inequalities. It follows from the second definition 
that the entropy of a finite system is a function of the physical state 
of the system only, for no change can take place in the amount of 
energy unavailable with reference to a given auxiliary medium without 
some change occurring in the physical state of the system. 

(1) If no irreversible changes occur in the interior of the system, 
unavailable energy is only imparted to the system from without in 
connection with heat received, and it follows from § 70, that the 
change of entropy of the system S B — S A between states A and B is 
given by 

B 

(69) S B -S A -zf^- 

A 

(2) If however irreversible changes have, occurred in the interior 
then since these changes involve ■ an ^increase of unavailable energy 
the total increase of entropy is greater than that due to the heat 
gained from without, in other words 

B 

(70) s B -S A >zf^r 

A 

and the difference represents increase of entropy due to the internal 
changes. 

(3) If the system undergoes a reversible cyclic transformation then 
since the initial and final entropies are the same 

(71) *(/)f = o, 

the integral being taken round the cycle. 

(4) If the cycle involves irreversible changes in the interior of the 
system (70) gives 

(72) *{/)¥ <0 - 

In this case the quantity of entropy received from without during 
the cycle in connection with the heat imparted must be negative in 
order to balance the increase of entropy produced by the irreversible 
changes within the system. 

The inequalities (^70), (72) are known as the inequalities of Claitsius. 

(5) It is not usually possible, however, for a system to undergo 
a reversible transformation unless at any instant all the parts of the 
system are at the same temperature T, this temperature being a 
function . of the time alone. For if any difference of temperature 
existed between the parts, heat would, in general, flow from the hotter 
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to the colder parts and this process would be irreversible. Under 
these circumstances we take dQ to denote the heat received by the 
whole system at the instant when its temperature is T and the 
equalities take the form 



I- 



dQ 
T 



= S B — $i . 



c/> 



0. 



73. A more detailed investigation. We may examine in greater 
detail the processes involved in the proof of Clausius' inequality for 
a closed cycle as follows. 1 ) 

Let us suppose that we are dealing with any thermodynamical 
system M in the presence of an indefinitely extended medium M of 
absolute temperature T 0f this being the lowest temperature continuously 
available for the refrigerator of a^Carnot's cycle. 

Under these circumstances a quantity of heat dQ at temperature 
T represents a quantity of available energy of amount 



dA = clQ(\-^) 



that being the maximum work obtainable from dQ subject to the 
given conditions. 

It follows, then, that if a quantity of heat dQ is imparted to the 
system from ivithout at a point where the absolute temperature is T, 
the available energy of the system is increased by the above amount 
dA. Again, if the system performs external work dW, this work 
represents available energy taken from the system M and given to 
some outside system on which the work is done. So far as the 
system M is concerned we thus have a loss of available energy dW. 

Hence the quantity of available energy absorbed by the system 
from without in any small transformation is 

aA-i:[dQ(i-^)-dw] 

the 2J referring to different parts of the system. Now by the First Law 

1) Many articles in this chapter have been written and rewritten a large 
number of times, with the result that a certain amount of repetition occurs in 
some of the arguments, especially in connection with Clausius 1 Inequalities. 
Some of this repetition is necessitated by the two alternative definitions of 
entropy. In other cases it is hoped that the repetition will merely call the 
attention of the reader to the number of different ways of arriving at the 
same result. 
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Z(dQ-dW) = dTJ 

where U is the total energy of the system. Hence the total amount 
of available energy absorbed takes the form 

dA = dU- EdQ^ 

and if the system changes from state A. to state IB we get the total 
available energy absorbed 



= U B - U A -2jfdQ^- 



dQ_ 
T 



If the system is made to undergo a cyclic transformation the 
energy TJ is the same at the beginning as at the end, and therefore 
if (A) is the available energy taken from without in the cycle 

(73) {A) = -T 2{j) 

the integral being taken round the cycle. This expression is equal 
and opposite to the gain of unavailable energy, as it should be since 
the total gain of energy in the cycle is necessarily zero. 

Now let us apply the principle of degradation of energy to the 
changes which take place in the interior of the system, between its 
different parts. In these changes, available energy is always lost, 
never gained; and it is only in the limiting case of reversible trans- 
formations that the loss vanishes. But, at the end of a cyclic 
transformation, the system M is exactly in the same condition as at 
the beginning, and therefore its available energy in the presence of 
the medium M must be the same. Therefore available energy mast 
have been increased in the system in connection ivith heat received from 
ivithout to compensate for the loss within, and hence (A) in equation 
(73) must be positive. 

Therefore (1) in any cyclic non- reversible transformation 



if) 



f <0. 

This relation is the Inequality of Clausius. 

(2) The left hand member of this inequality is equal to — _-> where 


A represents the amount of energy rendered unavailable subject to 

the condition that T is the lowest outside temperature available 

for the purposes of a refrigerator. 

(3) The loss of available energy in the cycle is proportional to 
T , If a colder medium were substituted for M we should obtain 
increased facilities for the conversion of energy into work, and a 
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proportionately smaller amount of energy would be rendered unavailable 
under the new conditions though the cycle was identically the same. 
The difficulty of understanding Clausius' Theorems lies, not so 
much in the proof, as in the interpretation of their meaning in the 
case of the different irreversible phenomena with which we have to 
deal in applications. Even the statement of the theorems admits of 
some ambiguity, for there exist a number of inequalities of the form 



'if) 



^S<0 



obtainable by assigning different meanings to clQ and T. For this 
reason we shall now illustrate the particular cases which occur by 
easy and gradual stages, starting with reversible cycles and then 
considering in detail the simpler classes of irreversible phenomena 
with which we have to deal in practice. 

74. Particular cases. Simple systems. We start with a simple 
system, and first suppose it to be the working substance performing 
a Carnot's cycle between a source at temperature T M and a refrige- 
rator at temperature T N . We transform the equation 

dQ N T N 

firstly, by letting dQ iy dQ 2 denote the heats received by the system 
from the source and refrigerator, so that dQ t = d Q M , dQ 2 = — d Q N) 
into the form 

The conditions of reversibility require that when the working 
substance is in contact with either the source or the refrigerator the 
temperatures of the two shall be equal. Letting T lf T 2 denote the 
temperatures of the tvorking substance, so that T± = T M , T 2 = T N} the 
equation last written down transforms into 

an equation now involving only quantities which refer to the working 
substance, and not to the source or refrigerator. 

Next suppose the working substance to undergo a reversible 
cyclic transformation, its temperature being any function of the time. 
Let the indicator diagram of the cycle be the curve APBQ. Divide 
this curve into narrow strips by adiabatic lines crossing it and join 
the ends of these adiabatics by isothermals. The diagram is thus 
divided into a series of Carnot's cycles such as P3IQN, and from 

what we have first shown the values of -~~ contributed by the 
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elements PM and QN must be equal and opposite so that their sum 
is zero. Passing to the limit when the elements PMQN are in- 
definitely narrow, 
we shall now P 
show that 



(JW 








the integral being 
taken round the 
circuit APBQ. 

To prove this 
it is necessary to 
show that the va- 
lue of d Q for the 
element of arc 
PP* is ultimately 
equal to the value 
for the correspon- 
ding isothermal 

element PM. Using suffixes to denote the quantities of heat absorbed 
in the corresponding elements we see from the principle of energy 
that dQpp' + dQ P > % + cIQmp is equal to the work done in the 
elementary cycle PP 1 MP\ this is represented by the area of the 
APP ! M and is therefore a small quantity of the second order, PP f 
and PM being of the first order. Also dQxp'= 0, the transformation 
being adiabatic. Therefore dQ PP > + rf^ J/P = or dQ PP - = dQ PM to 
first order. Hence the cyclic integral 



Fig. 8. 



(/) 



dQ 
T 



for the circuit APBQ is ultimately the same as the sum of the 
corresponding expressions for the elementary Carnot's cycles inscribed 
in it as above, and is therefore zero. 

75. Extension to compound systems; reversible cycles. We now 

consider a compound system with any number of degrees of freedom, 
whose temperature at any instant is the same at every point, and is 
therefore a function of the time alone. In a reversible cycle, the 
position coordinates may be varied in different ways, and consequently 
the proof of the relation 

(JY4-0 

given in the last article usually breaks down, or at least gives rise 
to difficulties, depending on the impossibility of drawing an indicator 
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diagram and the consequent difficulty of dividing the cycle into a 
network of Carnot's cycles. The following proof is convenient, and 
bears a considerable analogy to the more general proof of § 72. 

Let the system 31 describe any reversible cycle K and let dQ 
be the heat received by M at any stage of the process when T is 
its temperature. Then without loss of generality we may suppose 
the quantity dQ taken from an auxiliary body, such as a mass of 
gas, performing a Carnot's cycle between the system M at temperature 
T and a large reservoir of heat M at temperature T , In this case 
the auxiliary body will receive from the reservoir a quantity of heat 
clQo determined by 

d Qo dQ 



or 



T T 



dQo^To^- 



If, now, we assume that every transformation of the system under 
consideration is connected with an auxiliary Carnot's cycle working 
in combination with the same reservoir M , the total amount of heat 
taken from the reservoir in the cycle will be 



«.-*(/)¥■ 



If this quantity Q were positive, a quantity of work Q would 
have to be done somewhere or other, since all the bodies have 
returned to their initial state. We should thus have the conversion 
of Q units of heat into work with no compensating transformation, 
and in this way all the energy taken from M in the form of heat 
would be capable of being rendered available, even if M were the 
coldest body of the system. It follows that Qo cannot be negative, 
and moreover if Q is positive the series of processes is irreversible. 
Hence for a reversible series of processes we must have Q = and 
therefore 



(/) 



4l = o. 



76. Entropy. — (Definition I.) The property that for a given 
thermically homogeneous system, simple or compound, the integral 

vanishes round a reversible closed cycle leads immediately to the 
result that the integral 
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I 



dQ 
T 



is the same for all reversible transformations of the system from a 
given initial state^ A to a given final state B. In illustration taking 
a simple system and 
supposing the integral 
to vanish round the cir- 
cuit APBQ (Fig. 9), it 
follows that the parts 
contributed by the paths 

APB and BQA are "\B (P Z V Z ) 

equal and opposite, and 
therefore the line inte- 
grals taken along APB 
and AQB from A to B 
are equal ; the initial state 

(Pi ^1) an( ^ fi na l s ^ e Pz 

(P2V2) heing the same 
for both. 

We may therefore 
write, for a simple system 

Fig. 9. 



p / 



A (P,VJ 



Pi 






(74) 



1 



^ - ftp*, v,) - hpu Vi) =s s -s A 



and for a compound system we have in like manner 



I 



dQ 



= S B 



S A 



where S denotes a certain quantity dependent on the actual state of 
the system, and Sa } S b denote its values in the states A, B. We 
are thus led to associate irreversible transformations with a new 
quantity S whose value at any instant depends only on the state of 
the system at that instant. This quantity we call entropy and we 
are led to the first definition of § 70, which for the systems here 
considered may be stated as follows: 

Let A and B be. two different thermically homogeneous states of the 
same system, which are capable of being connected together by continuous 
reversible transformations. TJzen the integral 

BRYAN, Thermodynamics. 5 
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h 

A 

taken along any such transformation is called the entropy of the system 
in the state B relative to the state A 7 or the difference of the entropies 
in the states A and B. 

The entropy in any state is thus determined, to within an 
arbitrary constant of integration, by the indefinite integral 



$*4 



+ C. 



The constant of integration is to a certain extent arbitrary, but for 
the same substance in the same state (as to pressure, temperature etc.) 
the entropy of unit mass must always be taken to be the same. 

We may also give the following definition: The entropy of a 
thermically homogeneous system is a quantity such that when in 
any reversible transformation the system receives a quantity dQ of 
heat at absolute temperature T the entropy increases by an amount 

;- This is merely a re-statement of the First Definition of Entropy, 

given above. 

It is clear that to produce a given change in the physical state 
of a body of given material the quantity of heat communicated 
must be doubled if the mass of the body is doubled, so that the 
entropy of a body in a given physical . state is proportional to its 
mass. The entropy of unit mass, which, in accordance with previous 
conventions we shall denote by s, depends only on the state of the 
substance, as defined e. g. by its pressure and temperature. 

The progress of events within the working substance depends 
on the various temperatures of .the substance at different stages and 
the quantities of heat received by it. It does not depend on whether 
the heat is received from a body of the same temperature or a body 
of different temperature provided that the transformation is the same. 
Hence the relation 



(/)?■» 



and the definition of entropy is extended to all cyclic transformations 
of the working substance, provided that the processes which take 
place in the substance itself are reversible. 

77. Connection between entropy and available energy. — Second 
Definition of Entropy for thermically homogeneous systems undergoing 
reversible changes (Definition II). We now revert to the methods 
of § 73, but assume for the present, that the system M with which 
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we are dealing is at every instant at uniform temperature T throughout, 
and that the transformations which it undergoes are all reversible. 
As before, the facilities for conversion of energy into work are 
assumed to be limited by the presence of a surrounding medium M 
of temperature T . 

Under these circumstances the change of available energy in the 
system itself in any non- cyclic transformation from state A to state 
B has been shown (§ 73) to be 



TJb — Uj. — Tq J -jt' 



The total change of energy is U B — Ua- 

Hence the quantity of non -available energy gained by the system 
in transformation is equal to 






that is to T times the increase of entropy (Definition I)! 

We thus obtain the second definition of entropy of § 71, according 
to which the increase of entropy is found by dividing by T the 
increase of unavailable energy estimated with reference to an auxiliary 
medium of temperature T . 

78. Entropy in non-reversible transformations. The extension 
of the first definition of entropy to irreversible transformations is a 
subject of considerable difficulty, which has led to many controversial 
discussions. There is not the same difficulty with the second definition, 
nevertheless it is only possible to arrive at a clear understanding of 
entropy by examining the various possible methods of treatment 
which present themselves, and by a minute consideration of the 
simpler irreversible phenomena. 

We start by laying down the following 

Fundamental Condition. The entropy of a system shall le defined 
in such a ivay that its value at any instant depends only on the physical 
state of the system at that instant, and not on the previous history of 
the system. 9 

If this assumption were not made the theory of thermodynamics 
would involve the consideration of changes of entropy of a .purely 
arbitrary character corresponding to" no real physical phenomena. 

If, for example, a given mass of gas undergoes any series of 
transformations, reversible or irreversible, and is finally brought back 
to its original volume and temperature, the condition we lay down 
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is that the entropy shall be the same as it was at the beginning. 
The initial and final states of the gas are by hypothesis indistinguishable 
from each other in every respect, and if we made the entropies different; 
this difference would be devoid of physical meaning. 1 ) 

If irreversible phenomena have occurred in the gas, the return 
to the original state can only be made at the expense of compensating 
transformations elsewhere. It is not in the gas itself but in the 
external systems that a permanent change has occurred which may 
affect the value of their entropy. 

Subject to this assumption, we may proceed in two ways, 
according as we start from the first or second definition above. 

(1) Starting with the first definition, we may define the entropy 
of a thermically heterogeneous system (i. e. system at non- uniform 
temperature) as the sum of the entropies of its differential mass 
elements. 

The change of entropy in an irreversible transformation can now 
be defined when it is possible to find a reversible transformation that 
would produce identically the same changes as actually take place in 
the system. The change of entropy in the irreversible transformation 
is then defined as being equal to the change which would take place 
in the corresponding reversible transformation between the same 
initial and final states. 

[This convention must be made if entropy is to be considered 
as a definite physical entity obeying the above fundamental condition.] 

This definition applies to all cases in which the initial and final 

* states can be connected by a reversible transformation. If this is not 

possible, there is no a priori reason for asserting that a definite meaning 

can be assigned to entropy changes according to the first definition. 

(2) We may start with the second definition which, we observe, 
always gives a definite meaning to the concept entropy in accordance 
with our assumed fundamental condition, and we may deduce from 
it expressions representing the entropy changes corresponding to 
different irreversible phenomena. 

79. Entropy of a thermically heterogeneous system. If a system 
of bodies consists of different parts m u m 2 ... at uniform temperatures 
2\, T 2 ... the whole entropy of the system is the sum of the entropies 

of the parts of the system 2 ), and hence is given by 

— _ 

1) We do not deny that it is possible to build up a mathematical theory 
based on a definition according to which the entropy of a body depends on its 
past history, and even, by suitably interpreting this theory, to deduce results in 
accordance with facts. But such a theory would of necessity be an artificial one. 

2) The use of the word "whole" as in whole volume, whole entropy or 
whole energy is convenient to distinguish these from the volume, entropy and 
energy of a unit mass. Compare also § 7. 
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S = m^ + m 2 s 2 + ■ ■ • + m n s n 

where m 1} m 2 are the masses of the parts, s u s 2 their entropies per 
unit mass. We see also that the increment of entropy is given by 

where dQ x is the whole heat received by the part m 1 at temperature 
T 1} whether this heat be received from outside or from other parts 
of the system. The only limitation to this statement is that no 
irreversible changes must occur within the separate portions m lf m 2 . . . 
Where the temperature varies from point to point the system must 
be divided into "differential" elements of mass, as explained in § 46, 
these elements being so small that the temperature is uniform over 
a single element, but the element is large compared with the molecular 
structure of the substance. The summations of the last case must 
be replaced by integrals and we shall write the resulting equations 



S = I sdm 
dS= f%dm 



where dq'dm is the quantity of heat absorbed by the element dm 
when its temperature is T. In this notation dq r will stand for 
quantity of heat absorbed per unit mass in the neighbourhood of the 
point whose temperature is T 9 and the sign of integration will refer 
to the various "differential" mass elements of the body. • 

We notice that the second definition of entropy of § 71 is 
applicable without modification in the present case, since a quantity 
dQ x received by the part at temperature T x represents an increase of 

(T \ T 

1 — jr ) is available and dQ l7 ^ is non- 
available relatively to the refrigerator T . 

80. Changes of entropy due to conduction or radiation of heat. 

Let a quantity dQi of heat flow by radiation or conduction from a 
hotter part of the system whose temperature is T x to a colder part 
where the temperature is T 2 . Then the entropy of the first part 

dQ. dQ. 

decreases by -=^ and that of the second increases by -—- hence the 

f 1 J-2 

total entropy increases by an amount 



'&U ~id' 



This increase is always positive since T x must be > T 2 for the 
flow to take place from T x to T 2 . Hence 
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(1) The effect of irreversible heat flow betiveen the jmrts of a system 
is to increase the entropy of the system. 

(2) There is no difficulty about representing the entropy changes 

due to this cause as a sum of differentials of the form -~ ivhere the 

differentials dQ refer to the actual transformation. 

We have here assumed the passage of heat from one part of 
the system to the other to be instantaneous. When a finite time is 
taken by radiation from one body to reach another, account must 
be taken of the heat gained and lost by the intervening ether, and 
this problem is discussed in Chapter X. 

If the system undergoes a complete cycle, we may divide the 
heat dQ received by any element when at temperature T into two 
parts, one dQi due to conduction or radiation from neighbouring 
elements, and the other d Q e being due to bodies outside the considered 
system. 

Hence for the cycle, we have 

the sign of summation U referring to the different bodies or mass 
elements of the system. 

Now the first integral vanishes, the total entropy being the same 
at the beginning and end of the transformation 1 ), and from what 
has been just shown the second integral is positive; therefore 



■m 



<0. 



This is a particular case of the inequality of Clausius proved in 
§ 72. The entropy of the system is the same at the end as at the 
beginning of the cycle, but the irreversible flow of heat causes an 
increase of entropy inside the system. To compensate for this a 
negative quantity of entropy must be taken from without, and we 
may now enunciate Clausius' inequality as follows: 

In any non- reversible cycle, the quantity of entropy gained by the 
system from without must be negative. 

We may obtain a further modification of the last inequality, in 
which the temperature of the system itself is replaced by the tempera- 
ture of the external body or medium from which the system is heated. 



1) Although irreversible changes take place between the elements or parts 
of the system, we are assuming in this paragraph that the processes within any 

element are reversible, so that for every individual element ( I J — l - vanishes 

for the complete cycle. 
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If the quantity of heat dQ is taken from a body at temperature 
T e} and given to a part of the working substance at temperature T iy 
the entropy of the latter is by definition increased by 

dQ 

but that of the source of heat is decreased by -»-• 

e 

If heat is absorbed from the source so that dQ is positive T e > T { 
and hence 

rp rn ^ " 

± i ± e 

while if heat is given out the same result still holds because T e < T t 
and dQ is negative. The total entropy consisting of the sum of the 
entropies of the working substance and the surrounding media is 
therefore increased. Moreover 



imMJ)*> 



dQ 
and therefore a fortiori from (1) 



if) 



§<0. 



A particular illustration of the difference of the two forms of 
inequality is afforded by a system performing what is called a 
conditionally irreversible cycle. By this we mean "a cycle which 
under existing external conditions is irreversible but which may be 
made reversible by the substitution of other external conditions". 
As an example we may take a simple system performing the series 
of operations of Carnot's cycle, but suppose that when it receives 
heat from the source it is at a slightly lower temperature than the 
source, and that when it gives heat to the refrigerator it is at a 
slightly higher temperature than the refrigerator — a condition of 
things which always exists in actual cycles. In this case the cycle 
would be made reversible by an suitable alteration in the temperatures 
of the source and refrigerator. For such cycles we have 

-C/)4?=o b „t *(/)4?<o. 

81. Irreversible conversion of Work into Heat. There are a 
large number of cases in which irreversible changes take place, often 
within the ultimate elements of the system, in such a way that it 
is very difficult to analyse the exact process of events during the 
change. We may take the following as illustrations of one such 
class of phenomena. 
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(1) Friction between two rough bodies. 

(2) Impact of two imperfectly elastic bodies. 

(3) Gas rushing into vacuum. 

(4) Stretched wire which is suddenly cut. 

(5) Retardation of fluid motions due to viscosity. 

(6) Flow of electricity in imperfectly conducting bodies. 

All these phenomena may take place in the interior of a closed 
vessel ; impervious to heat, and then no entropy or energy (available 
or otherwise) is imported into the systems from without. In the 
present cases the visible effects produced include an apparent absorption 
of mechanical work in the interior of the system. By the principle 
of conservation of energy, this lost work must reappear in the system 
in the form of some other kind of energy. We may define this 
energy as heat generated internally in the system, the quantity of heat 
so generated being measured by the quantity of work lost. 1 ) We 
shall speak of the phenomenon as an irreversible conversion of tvorlc 
into heat in the interior of the system. Experience shows that a rise 
of temperature or some other equivalent effect invariably accompanies 
the transformation and is exactly the same in amount as if the heat 
said to be generated in the system had been supplied from without. 

What we can safely assert is that the ultimate effect of the 
irreversible changes on the system is the same as could be produced 
by reversible means if energy in the form of work was taken from 
the system, and energy in the form of heat imparted to the system. 
To make things clearer, we consider the separate cases. 

(1) Friction betiveen imperfectly rough bodies. If we were to 
replace the rough surfaces by smooth ones, or introduce balls or other 
anti- friction bearings, it would be necessary in order to make the 
other effects the same, to apply equal and opposite external resistances 
to the sliding parts, equal to the forces of friction which previously 
existed. To make up for the energy thus taken from the system, 
and to reproduce the temperature changes actually observable in the 
bodies, heat energy would have to be supplied to the opposing 
surfaces. If dH is a quantity of work lost by friction, then in the 
reversible alternative system, the work dH is taken from the system, 
and heat dH is given to it. If T is the temperature of the point 
at which this "generated heat" is applied to the system, the gain of 

entropy in the reversible process is -=,-, and hence by definition the 

same is true in the irreversible process. It therefore follows that in 
defining entropy by the first method "quantities of heat generated 

1) We are here using the term "quantity of heat" generated internally to 
denote something different from the "quantity of heat" received by one body 
from another, as defined in § 58. 
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in the body" must be taken into account, a procedure open to some 
objection. 

But the removal of dH units of work reduces the available 
energy of the system by dH, and the substitution of dH units of 

heat at temperature T, increases its available energy by dH (l ~ ] 

relative to a refrigerator T . It follows that the gain of unavailable 
energy in the system is dH-^ and is equal to T times the corre- 
sponding gain of entropy. Therefore the second definition of entropy 
becomes applicable in this case. 

(2) Impact of imperfectly elastic bodies. Here no energy passes 
to or from the bodies from without, and their total energy is 
therefore constant. The changes in the translational and rotational 
energy produced by impact could be effected by external forces, but 
the bodies would then do external work. Hence to reproduce the 
same results including the observed changes of temperature, by 
reversible means energy equal to this external work must be supplied 
from without in the form of heat. The change of entropy in the 

reversible transformation will be the resulting value of ( / )-~- 

dependent on this supplied heat, and this by definition will re- 
present the change of entropy in the actual transformation. As 

before it is easy to see that T l I J -~- represents the non- available 

energy gained by the system relative to a refrigerator T 0y so that 
Definition II is still valid. 

(3) Gas rushing into a vacuum. The gas appears to do work 
in expanding, but no work is done on the containing vessel, so that 
the energy all remains in the gas. If the gas expanded against a 
piston external work would be done, and heat would have to be 
supplied to maintain its energy constant. Otherwise it would be 
found that the temperature of the gas was lower than when it expanded 
freely. Thjs heat would increase the entropy but Definition II would 
still hold. 

(4) For a stretched ivire that is suddenly cut the arguments are 
precisely similar to the last case. 

(5) Fluid motion brought to rest by viscosity. Instead of repro- 
ducing the same change by artificial means, it is here easier to 
bring back the system to its original state by imparting kinetic 
energy to the fluid and withdrawing heat energy from it. The 
entropy taken from the fluid in the latter change must be equal to 
that which it gains in the former. 

(6) Flow of electricity along a wire. If the electricity were 
transported by convection from the higher to the lower potential, 
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outside work would be done ; and a corresponding quantity of heat 
would have to be supplied to the wire, reproducing the observed 
temperature changes caused by the current, and producing an increase 
of entropy. Both in this and the last case, Definition II still holds. 
In the class of systems here considered, if we suppose for greater 
generality that work is being irreversibly converted into heat in the 
interior, and at the same time heat is being received from without, 
and is also passing between the parts of the system, the change of 
entropy takes the form 

(76) B.-S*- zfy + zj\ + zf\ H r 

AAA 

where dQ e is the heat received from without the system at the part 

whose temperature is T if dQi is the heat received from other parts 

of the system, and dH the heat internally generated in the part itself. 

Thus the change of entropy can only be expressed as a sum of 

differentials of tlie form -~ by assigning a second meaning to the term 

"quantity of heat". 

In equation (76) we notice that dH is from the nature of the 

case essentially positive, since heat cannot be converted into work 

without some compensating transformation. Also the second term 

rdQ. . 

£ I ~- is positive as in the last article. Hence it follows that 

B 

(77) 2 C d ^l < s B -S JL 

X ' 

and for a closed cycle we have 

(78) z(f) d £<0. 

If we replace T { by T e the external temperature at the point 
from which the heat dQ e was obtained we have, a fortiori 



B 

o 

<S B -Sj 

A 



(79) HJ T 

A 

(80) *C/T:£«>- 

Inequalities (77 — 80) all constitute forms or modifications of 
Clausius' Inequalities as applied to closed and unclosed transformations. 
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82. Cases where the previous method fails. The following irre- 
versible phenomena may here be cited as examples: 

(7) Diffusion of gases. 

(8) Combustion and other chemical changes. 

(7) Diffusion of gases will be treated more fully in chapter XII. 
If the diffusion takes place at constant pressure, volume, and tempe- 
rature, and without gain or loss of heat, no expression of the form -^ 

can be associated with the change, and the First Definition of entropy 
is calculated to give the incorrect impression that the entropy is 
necessarily unaltered by diffusion. The Second Definition is free from 
this objection and rightly suggests that the matter can only be 
decided by studying the conditions under which the mixed gases can be 
separated or work obtained by mixing the gases in some different way. 

(8) Combustion and other chemical changes. Here we may have 
to deal with cases in which heat is suddenly generated, producing a 
discontinuous change of temperature. It is evident that differentials 

of the form -^ can only be integrated when the temperature varies 

continuously. If however the energy, available and unavailable, is at 
any instant definite, the entropy of the system will be definite according 
to Definition II, even when Definition I fails. 

Thus in the last hvo cases, the change of entropy cannot be expressed 

as a sum of differentials of the form -£ -• 

We thus conclude that while the second definition of entropy is 
applicable to irreversible as well as reversible changes, the first definition 
cannot be extended to irreversible changes except in a limited number 
of cases. 

[This of course does not refer to definitions of entropy based on 
the substitution of a reversible change for an irreversible one and the 
wording of the First Definition adopted in § 70 seems free from 
objection.] 

83. Dependence of non- available energy on temperature of 
auxiliary medium. In connection with Definition II, we have seen 
that the non-available energy gained by a system relative to an auxiliary 
medium of temperature t T Q is proportional to T . It is important to 
observe that this property does not imply any physical peculiarity of 
th esystem itself which changes when a different medium is substituted 
as refrigerator. 

When we speak of a system as containing a quantity Q of 
energy non- available relative to a refrigerator T 0) we imply that when 
as much energy .as possible has been converted into work by Carnots' 
cycles working with this refrigerator the quantity Q will be absorbed 
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by the refrigerator. If however another refrigerator T w be substituted 
the quantity Q must be further transformed by a Carnots' cycle 
from T to T W) and the quantity of non-available energy Q w now 
absorbed will be given by Q 

V W Vo 

w ^o 

and will be to the former quantity as T w is to T without any difference 
occurring in the system itself. 

84. Clausius' Statements. According to Clausius the First and 
Second Laws are summed up in the following statements. 

I. The Energy of the Universe is Constant. 

II. The Entropy of the Universe tends to a maximum. 

According to Definition II, the latter statement immediately 
follows from the fact that the available energy tends to decrease, and 
therefore the non- available energy necessarily tends to increase. 

Further, Clausius' Inequalities for non -cyclic transformations 
follow at once from this definition. For the increase of non- available 
energy in the system in a transformation from A to H is by the 
Second Definition of Entropy equal to T (S B — SJ). The quantity of 
non- available energy imported from without amounts respectively to 



*>S'k - *>f% 



according as this energy is measured when it leaves the external 
systems or when it reaches the system itself. Now the changes 
occurring within the system tend to decrease the available energy 
without altering the total energy, and therefore they must increase 
the non -available energy. , Hence 

Tq(S b — Sji) > T I -jjp— > T I -~- 
whence 

B B 



rdQ e rdQ e 



and moreover, the loss of available energy due to changes occurring 
in the interior of the system itself is measured by 

B 



To 



Sr ~ & 



-Ft] 



while the loss of available energy in transit to and from the system 
is measured by 



n-n] 
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85. Examples of Entropy. Heat Conduction. We may apply 
Fourier's method of analysis to determine the rate at which entropy 
is being generated in a solid through which heat is passing. 

Taking fc to be the thermal conductivity, y the specific heat 
and q the density, consider a portion of the solid bounded by a 
surface S, the direction cosines of the outward drawn normal at any 
point of which are I, m, n. 

The rate at which entropy is increasing in the portion is 



Iff 



^Y -jrdxdydz. 



The rate at which entropy is flowing in from outside 



The difference of these two expressions gives the rate at which 
entropy is being generated in the solid. By the equations of 
conduction this reduces to the last term, namely 

an expression which is essentially positive. 
This expression can also be written 

fff F Ui) dxd * dg 

where F is the resultant flux of heat, ds an element of length in the 
direction of this flux at the point (x, y y z). The interpretation of the 
last expression is obvious. 

Numerical examples. The quantity of entropy absorbed by 
1 gram of water when its temperature is increased from 0°C to 1°C 
is found by dividing the work measure of the heat 4-18 x 10 7 ergs 
by the mean absolute temperature 273-5° C and is therefore 
1-529 x 10 5 units. 

If a mass of 1 kilogram moving with a velocity of 1 metre per 
second is brought to rest by friction at a temperature of 15° C or 
288° absolute, the work energy rendered unavailable is \ 10 3 -100 2 
or -5 x 10 6 ergs and the gain of entropy 1-736 x 10 4 units. 
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86. The Laws of Conservation, Localisation and Transmission of 
Entropy. We may now enunciate the following principles: 

(1) The entropy of an isolated system of bodies can be divided 
into a sum of terms representing respectively the portions of entropy 
located in the several bodies and in the medium. 

(2) The entropy of a body is always the same whenever the 
body is in the same physical state. It may have undergone any 
number of reversible or irreversible changes but if it is brought 
back to its former condition it will contain the same quantity of 
entropy as before. 

(3) The expression for the entropy, like that for the energy 
involves an unknown integration constant. It is possible that the 
entropy of a body at absolute zero may be — oo. The constant 
introduces no difficulties as we are only concerned with changes of 
entropy. 

(4) Entropy can be generated but never destroyed. 

(5) Entropy is always generated when irreversible processes take 
place, and the quantity of entropy so generated affords a measure of 
the irreversibility. 

(6) From (2) and (5) we see that although phenomena may 
repeat themselves in certain limited parts of the Universe, irreversible 
changes will leave an indelible imprint on the progress of events 
somewhere or other, and the increase of entropy will represent a 
real change in the physical condition of the Universe as a whole. 

(7) When irreversible changes take place in the interior of a 
system, the gain of entropy is greater than the quantity of entropy 
imported into the system from without, the difference representing 
the quantity of entropy generated by the irreversible changes. If 
the system undergoes an irreversible cycle a positive quantity of 
entropy will have to be exported from the body equal to the quantity 
generated internally. 

(8) When heat flows from a hot to a cold body entropy is 
generated. If the flow take place by radiation, this entropy may be 
said (provisionally) to be generated in the intervening medium or at 
the surfaces of the two bodies. At the same time, it must be 
remembered that we have not yet discussed the thermodynamics of 
the ether, which will be dealt with in Chapter X. 

(9) The reversible phenomena of thermo-electricity show that the 
localisation of entropy may be altered by electric currents, leading to 
the inference that the entropy of a system depends on its electric 
state. For a detailed discussion of these phenomena, and a comparison 
of the two definitions of entropy as applied to them, the reader is 
referred to Chapter XVI. 
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87. Temperature -entropy diagrams. In the practical applications 
of thermodynamics to steam-engines and other heat -motors much 
use is made of the temperature- entropy diagram, i. e. the diagram of 
a cyclic or other process formed by taking as coordinates temperature 
and entropy. As & and <p instead of T and S are the usual symbols 
for temperature and entropy in English books, such a diagram is 
known in England as a "thetaphi diagram". 

The following are some of the most important properties of 
such a diagram when the working substance is a simple system: 

(1) For a Carnot's Cycle the diagram is a rectangle bounded by 
two lines T = constant and two lines 8 = constant. 

(2) For a reversible cycle, integrating the equation 



we obtain 



dU=TdS-pdV, 



or the areas of the (T, S), and (p, 7) diagrams are equal. 

(3) For a working substance performing an intrinsically irreversible 
cycle, the temperature entropy diagram is a closed curve. If the 
cycle be replaced by a rever- 
sible one having the same 
temperature - entropy dia- 
gram the amount of work 
obtained will be greater than 
before. It readily follows 
that the area of the (jy } V) dia- 
gram is less than that of 
the (T, S) diagram, and that 
the ratio of these areas gives 
the ratio of the efficiency 
of the cycle to that of a 
perfectly reversible one, i. e. 
the efficiency of the cycle 
taking that of a perfectly 
reversible cycle as unity. 

(4) If however we seek 
to represent in a diagram 
the temperature - entropy 

changes occurring in the source and refrigerator, we do not 
necessarily obtain a closed curve. In this case if T x and T 2 are the 
temperatures of the source and refrigerator, S the entropy taken from 
the source in one cycle, the work which would * be obtainable from 
the same quantity of heat in a perfectly reversible cycle is represented 
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by a rectangular area of height S and base T 1 — T 2 and the ratio of 
the indicator or (p, V) diagram to this diagram is the proper measure 
of the efficiency ratio. The reason for this choice is that in practice 
we want to economise the heat taken from the source as far as 
possible, and we do not mind so much what happens at the 
refrigerator provided we get the greatest possible amount of work 
out of this heat. 

The complete study of these diagrams belongs to treatises on 
technical thermodynamics. 



CHAPTER VIII. 

EXPRESSIONS FOR THE AVAILABLE ENERGY UNDER 
PARTICULAR CONDITIONS. — CONDITIONS OF STABILITY. 

88. The energy test of stability. The discussions of the preceding 
chapters lead to the general conclusions expressed hy the formula 

(81) dU=dQ-dW 

and for reversible transformations at temperature T 

(82) as = i§- 

whence also 

(83) cW=TdS-dW 

where d U and dS are the perfect differentials of two functions whose 
values are determined by the state of the system, these two functions 
being called energy and entropy of the system. 

We now proceed to discuss the conditions of equilibrium and 
stability of certain systems subject to given external conditions, assuming 
the First Definition of Entropy. We provisionally exclude chemical 
and other changes for which the First Definition fails, and in parti- 
cular we exclude radiation phenomena except in cases where the 
energy capacity of the ether is negligible (§ 66). 

From the energy test of stability in Rational Mechanics, combined 
with the principle of degradation of energy, it follows that a thermo- 
dynamic system subject to given conditions will be in stable equilibrium 
if its available energy is a minimum for all small variations consistent 
with the given conditions. 

If x, y, z, . . . be any variables specifying the state of the system 
subject to given conditions, and A = f(x, y, z) represents the available 
energy, the usual theory of maxima and minima requires that if 
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f(x -\-h, y + k, z + l • • •) ~~ f(%, V, %) be a function capable of expansion 
in powers of h, Jc, I then (a) the terms of the first degree must 
vanish, and (b) those of the second must be essentially positive. 
Also we infer by analogy with the corresponding problem in Rational 
Mechanics that the first condition (a) is required for equilibrium, 
and condition (b) for stability; in other words we shall in general 
assume that 

For equilibrium } the variation of the available energy must vanish 
to the first order. 

For stability the variation of the available energy must be positive 
to the second order. 

The first of these conditions may be stated in the following 
form: In the neighbourhood of any equilibrium state any small change 
may be regarded as perfectly reversible to the first order of small 
quantities. 

This property is of fundamental importance as it shows that 
problems of thermodynamic equilibrium can in general be correctly 
solved by means of the methods of reversible thermodynamics alone. 
Most applications of thermodynamics depend on this fact. 

89. Exceptional Cases. In applying the energy test of equilibrium 
and stability exceptional cases may occur, of which the following 
simple illustrations from elementary mechanics sufficiently indicate the 
nature. These exceptions 
must be borne in mind in 
any general treatment: 

(a) State of Stable Equi- 
librium not unique. A heavy 
particle may be in stable 
equilibrium on the curve 
of Fig. 11 either at A, B, 
or C, although its potential 
energy is greater at B than 
at A, and greater at A 
than at C. Thus the con- 
dition of stability does not 
require the energy to have 
the least possible value 
but only to be less than q 
in neighbouring positions. 

(b) The variation of energy does not vanish to the first order. 
When a weight rests with its base AB on a table a small angular 
displacement about A or B will produce a change of the sa*me order 
in the potential energy. We might speak of the system as having 

BRYAN, Thermodynamics. Q 



Vig. 11. 



82 VIII. EXPRESSIONS FOR THE AVAILABLE ENERGY etc. 

unilateral freedom, the constraint due to the table allowing the base 
to be raised but not lowered. For a system to rest in such a state 
it is necessar y for the energy variation to be positive for any possible 
displacement consistent with the constraint, but when a displacement 
in the opposite sense is excluded, this energy variation is not 
necessarily a quantity of the second order. 




B 

Fig. 13. 

c 

Fig. 12. 

(c) Equilibrium maintained by friction. A body placed on a plane 
inclined at an angle less than the angle of friction will remain at 
rest, although if friction were removed it would slide down. 

Thermodynamical analogues of these cases exist in chemical 
phenomena; according to Duhem case (c) has its analogue in certain 
phenomena called "false equilibria". 

With these prefatory statements, we shall now show how the 
principle of degradation of available energy can be used to obtain 
the conditions of equilibrium and stability of a thermodynamical 
system in certain particular cases. To do this it is only necessary to 
construct expressions for the available energy of the system subject 
to the given external conditions. 

Some of the results obtained — as for instance that for equilibrium 
the temperature and pressure of a system (under no forces except 
pressure) must be the same throughout — are so obvious that it is 
of course superfluous to prove them by this means, but the investigation 
is necessary in order to deal with the question of stability, and to 
extend the conditions of thermodynamic equilibrium to more general 
systems. 

90. System at rest surrounded by an indefinite medium of uniform 
temperature T Q and pressure p Q . We do not suppose the system to 
have attained its equilibrium state, so that its pressure and temperature 
are not necessarily the same as those of the medium. Suppose for 
the sake of simplicity that the system consists of r simple systems 
characterised by the suffixes 1, 2, ... r and that the state of the rth 
part is fully specified by the variables p r , V r , T ry S rj U n representing 
pressure/ whole volume, temperature, whole entropy and energy, of 
which only two are independent. 
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Then if a quantity dQ r of heat be withdrawn from the rth. part, it 

T 
follows from above that a quantity of at least dQ r x-^- will have 

f 
to be given to the medium, and hence that the maximum amount 

of mechanical work derivable from dQ r is 



, ^( 1 -^)- 



Moreover, when the volume expands by an amount dV r against 
the external pressure, the amount of work done is (p r ~p Q )dV r . 
Hence the total differential of the available energy of the system is 
measured by 

dA=^dQ r (l-^+^(p r -p )dV r . 

For equilibrium dA must vanish, giving the conditions T r = T , 
2) r =p , hence the available energy can only be a minimum when 
the temperature is everywhere T and pressure p , as is otherwise 
obvious. 

We may take the available energy in this state to be zero since 
no wOrk can be obtained from the system by the transformations, 
subject to the conditions under consideration. This does not mean 
that the system cannot undergo other transformations such as 
chemical changes, or that further energy cannot be rendered available 
by a change of external conditions, but merely that our estimate 
refers to the amount of energy which is available for conversion into 
work when such extraneous changes are excluded. 

Moreover dQ r = — T r dS r {dQ r represents heat withdrawn whence 
the minus sign). Hence the integral representing the available energy 
of the whole system becomes 

A = - ]£f(T r - T )dS r + ^f(Pr - p )dV r . 
But by the equations of reversible thermodynamics 
dU r = T r dS r — p r dV r . 
Hence the total available energy is 

A-- 2f( d U ' - T ° dS ' + ^ dv; ) 

taken from the initial state to the state (T 0) p Q ) 



:^(u r -T s r + Po r r ) 



^(U" r -T S\+p V<> r ) 



where Z7 r °, # r °, V r ° refer to the rth body in the final state (T , p ). 
This expression gives on summation 

(84) A = (U- U ) - T (S - S ) +p (V- F ). 
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It follows from this expression that if 

(85) U- T S + Po V> U - T Q 8 + p o r o 

the system can pass from the state (U, S y V) to the state (U 0) S , 
V ) but cannot pass in the reverse direction unless available energy 
be supplied from without. This condition is therefore the condition 
that the state (U , S , V ) should be one of stable equilibrium. 

91. System surrounded by an envelope of invariable volume F 
kept at constant temperature T . In this case the differential of the 
available energy is given by 

dA = -^{T r - T )dS r +y^p r dV r 
and the condition of constancy of volume gives 

The state of minimum available energy is thus defined by 

0-dA = -]?(T r - T )dS r +^Prdr r 

for all variations consistent with y ) dV r = 0. 
It follows that for this state of equilibrium 

(results which are otherwise obvious). 
And since 

dU r =T r dS r -p r dV n 



we have 



whence 
(86) 



dA~- ^d U r + T ^dS r , 



A = ^(U r - T S r ) -2(0-°- W) 

= U-U -T (S-S ) 

leading to the result that for stable equilibrium in the state U , S 
we must have for all possible neighbouring states U, S, 

(87) U-T S>U -T S . 

92. Stability of homogeneous fluids. Although a homogeneous 
fluid has been taken as the type of a simple system, and may be so 
taken as long as it remains homogeneous, it is necessary in order 
that the fluid may be in stable equilibrium that its available energy 
shall be a minimum for all displacements and not merely for dis- 
placements in which the fluid remains homogeneous. The same 



GIVEN VOLUME AND PRESSURE- STABILITY OF FLUIDS. 85 

consideration applies to thermodynamic systems of a more general 
character, and shows that in discussing the stability of a system with 
n degrees of mechanical freedom it is necessary to contemplate 
variations other than changes in the values of the n + 1 variables 
which are sufficient to specify the state of the system as long as it 
remains homogeneous. For the present we confine ourselves to a 
detailed discussion of the case of a homogeneous fluid, which will 
sufficiently indicate the general character of the analytical results 
obtained when any case of thermodynamic stability is worked out by the 
methods of the differential calculus as a problem in maxima and minima. 

We have to consider the possibility of displacements in which 
the fluid instead of remaining homogeneous divides itself into two 
or more parts differing in their physical properties, as illustrated, 
for example, by a liquid in contact with its vapour, or a substance 
partly in the solid and partly in the liquid state. If by such a 
change the available energy could be decreased the homogeneous 
state would be unstable, and examples of such unstable states are not 
uncommon in actual experience. 

If we consider an element of the fluid whose mass is a very 
small fraction of the total mass, any change in the state of this 
element will produce a correspondingly very small change in the 
pressure and temperature of the remainder. By dividing the fluid up 
into differential elements of mass (§ 46) the condition of stability of 
each element is seen to be correctly obtainable by making the 
assumption that the fluid surrounding that element is kept at constant 
pressure and temperature. Taking T, p to be this temperature and 
pressure, u } v, s the energy, volume, and entropy of a unit mass of the 
fluid at any point in the equilibrium state, u\ v\ s f their values at 
any neighbouring state, we must have at every point 

(88) u' — Ts f + p v' > u - Ts + pv. ' 

Now let the energy u be expressed as a function of the entropy s 
and volume v. Putting s' — s = h, v' — v =*h and expanding u in 
powers of h, Jc by Taylor's Theorem we find to the second order in h, k 

(u f - Ts' + pv') - (u - Ts + pv) 

For equilibrium the terms of the first order vanish; for stability 
those of the second order are positive. Therefore for equilibrium 

and for stability 
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Equations (89) lead to 

du = Tds — pdv 

in accordance with the Principle of Conservation of Energy and the 
property that a small transformation is reversible to the first order. 
Of the inequalities (90) the first two now give 

(M) (©.>»• (§f).<°- ■ 

The third may be written 

(92-) s JL d -l- d -^ d -£ <( ) 

^ ) ds dv dv ds 

taking s and v as independent variables. Now 
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and therefore (91), (92) are equivalent to the four statements 

(H).>o. m>°- G9,<* &).<*■ 

These signify that 

The addition of heat at constant pressure or at constant volume 
raises the temperature; tliat is the specific heats at constant volume and 
pressure are positive (§ 11). 

Tlie increase of pressure at constant temperature or entropy decreases 
the volume, that is the moduli of elasticity at constant temperature or 
entropy are positive (§ 14). 

These conditions are obvious from general considerations. 

93. When the pressures are everywhere in equilibrium the 

expressions for the variation of the available energy in the presence 
of a medium of temperature T take the form 



dA=^dQ r (i-^y 



If we have a mass m of a homogeneous substance whose specific 
heat is y, and temperature T 1} the available energy obtainable in 
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reducing it to a uniform temperature T by reversible means is 
therefore given by 



A = jmy(l-^)dT. 



Here y must be taken to be the specific heat at constant pressure 
or constant volume according as the external conditions are those 
of § 90 or'§ 91." 

This is all the available energy obtainable from the system 
(unless the final state is unstable or the stable state is not 
unique, § 89 (a) or other variations may take place). We may say 
that the available energy in the final state is zero. If subject to the 
assumed conditions a medium of temperature different to T were 
procured, the conditions would be altered and further energy would 
be rendered available. 

If the body is colder than the surrounding medium (3\ < T ) 
the expression for the available energy obtainable in bringing it to 
temperature T Q may be thrown into the form 



To 

A = j my^^i^dT 



and since T > T throughout the integration A is again positive. Thus 
available energy is obtainable from a cold body such as a glacier; 
conversely to cool a body below the temperature of the surrounding 
air, as in the manufacture of artificial ice, available energy must be 
supplied from without, by means of a steam engine or otherwise. 

94. System enclosed iu a rigid envelope impervious to heat. — 
Gibbs' First Condition of Stability. The work done by the expansions 
of the different parts of the system is equal to 

^jPrdV r? 

subject to the condition y , ' l dV r =0. 

To estimate the available energy which can be converted into 
work by expansion and transference of heat between different parts 
of the system, assume an auxiliary body at temperature T Q , and in 
the first place suppose heat is transferred between the various bodies 
of the system and the auxiliary body by means of Carnot's cycles. 

If dQ r is the quantity of heat, dS r the- quantity of entropy 

taken from the rth body then a quantity of heat dQ r x ~- is given 

r 

to the auxiliary body and the amount of work done is 
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and V rJ 

(93) ^-^d^l-^-) +^pdV r . 

It the total quantity of heat received in any time- interval by 
the auxiliary body is made equal to zero, the auxiliary body may 
be removed, and if the volume be kept constant the conditions will 
be those of a system completely closed from outside influence. Equating 
to zero the heat received by the auxiliary body we have 

=2<* Qrijh- T ^dS r = T dS 

whence 

S = constant 
also 

(94) dA-^jdQr + ^pdVr. 
For equilibrium dA = subject to 

(95) ^ d ® r = and ^dV r =0. 

T 

This requires the obvious conditions 

T x = T 2 — • • • — T r and p x =^ = ■ • • =p r 
and the maximum work obtainable under these conditions is 



A = ^f(dQ r + Pr dV r ). 



Since dQ r here represents heat taken from the rth body instead 
of heat given to that body, dQ r is equal and of opposite sign to the 
ordinary dQ of thermodynamics, and therefore dQ r -\- p r dV r = —dU r , 
and the expression for the available energy becomes 

(96) A = - ^Jd U r = ~fdU= V-U Q (say) 

the integration being made along an isentropic path from the given 
state to the state in which the energy U is a minimum subject to 
the condition of constant entropy. 

The condition for stable equilibrium requires that the available 
energy shall be a minimum, and therefore that the total energy U 
shall be a minimum for variations which keep the entropy S constant. 
This is one of the two alternative conditions of stability of an isolated 
system given by Gibbs in the following statement: — 

For the equilibrium of any isolated system it is necessary and 
sufficient that 
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(1) for all variations of the system which do not alter its energy, 
the variation of its entropy shall he either zero or negative 

(2) for all variations of the system which do not alter its entropy 
the variation of its energy shall 'be either zero or positive. 

In other words 
(97) (SS)t;£0 or (SU)s^O. 

95. Gibbs' Second Condition of Stability. Let any system be 
isolated from all external influences for aoy given interval of time. 
If the parts of the system are not in equilibrium amongst themselves, 
irreversible changes will occur in the internal state of the system, 
and the principle of degradation of energy states that these changes 
will be of such a character as to decrease and never to increase the 
available energy which the system would have when subjected to 
given external conditions. 

Now we have obtained for the available energy of a system of 
constant volume in the presence of an indefinitely extended medium 
at temperature T the form 

A = (U-T S)-(U -T S ) 

according to whether the pressure of the medium or the volume of 
the system is kept constant. 

For changes which take place in the interior of the system alone, 
the total energy U remains constant. The only quantity which can 
vary is the entropy S, and we see that the changes of entropy and 
available energy are connected by the relation 

dA = -T dS. 

Since A tends to decrease S tends to increase, and hence in the 
position of stable equilibrium in which A is a minimum for constant 
U, S is a maximum as stated by Gibbs. 

The expression T Q (S — S) subject to U~ U represents the 
amount of work which may be made available subject to the conditions 
that no energy either in the form of heat or of work is to leave the 
system as a whole. 

In the previous article it was assumed that no heat was gained 
or lost by the auxiliary body. The present expression, on the other 
hand, assumes that no heat is gained or lost by the system. The 
energy which is made available in the form of work is really taken 
from the auxiliary body by transformations compensating the trans- 
formations of heat from the hotter to the colder parts of the system. 

It will thus be seen that the available energy of an isolated 
system, though it appears at first sight to be simpler, is really more 
difficult to evaluate than that of a system in the presence of a 
thermically homogeneous medium. Under either hypothesis it is 
doubtful how far the system can be correctly described as isolated. 
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for, strictly speaking, this term implies that it can exert no outside 
influences whatever. At the same time irreversible changes may 
occur in the interior of the system; what we do know is that if 
communication be established with the outside in any given way ; 
the energy thus rendered available will be greater before than after 
the changes. 

Again, the energy which is available in a system which is more 
or less isolated is necessarily not greater than its available energy in 
the presence of a medium T . For we may always in the latter 
case assume the system to undergo the same transformation as if 
the medium were absent, and if the final temperature which it 
reaches under that condition is different from 1 there will still be 
available energy between the system and the medium. 

96. Lord Kelvin's Expressions. The expressions of § 94 for the 
available energy of an isolated system have been thrown into a 
simpler form by Lord Kelvin in the particular case in which the 
pressures are in equilibrium amongst themselves (so that the work of 
expansion is zero), and the heat capacities of the various portions 
remain constant throughout the range of temperatures concerned. 
Taking the equations (94), (95) which now become 

0=2-|- r and dA~^dQr 

and supposing JT r to be the total capacity for heat of the rth body 
and 1 the final temperature, we obtain 

T r T r 



-2fr r i£ A-%faT 





T 

or since JT r is constant 

£F log T \r\ VI 

logT ^- r , 4-2ir r r r -r>r r . 

In the case of two bodies of equal thermal capacity 

x i — x 2 2 

where F is the thermal capacity of the whole. Lord Kelvin finds 

T = V (T t T t ), A = £ (VT, - YT 2 )\ 

In the general case an equally simple result can be obtained by 

dividing the system into a number of parts or elements whose 

capacities for heat are equal. If n is the number of parts and T 

the total capacity for heat of the system, we write 

r 
i^ = r 8 = • • • == r n = — 

in the above equations and obtain 
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T=(T 1 ,T 2 ,...T n y = geomT, 

T + T -4- • • • + T 
A=T— ^ —^ - FT= r(arm T- geom T) 

where arm T and geom T denote the arithmetic and geometric 
means of the initial temperatures. 

The precise meaning of this result is as follows: 
When the system is brought to a common temperature by 
reversible processes, that final temperature is the geometric mean of 
the initial temperatures. If it is allowed to come to a common 
temperature by heat conduction between the several parts thereby 
losing all its available energy, that common temperature will be the 
arithmetic mean of those of the parts. The available energy is equal 
to the quantity of heat required to raise the temperature of the 
system from the final value it would obtain by reversible processes 
to the value it would obtain by irreversible conduction. . 



CHAPTER IX. 

THERMODYNAMIC POTENTIALS. 

97. Thermodynamic Potentials of a Simple System. In this 
chapter we shall consider the statics of an ideal thermodynamic system, 
and shall show that the properties of such a system when in equilibrium 
are completely determined by a single function of the independent 
variables required to define the state of the system. We start with 
equation (83) of the preceding chapter, 

au=ids-aw, 

and we observe that this relation holds (a) for reversible trans- 
formations in which the system remains thermically homogeneous, 
and (b) in general for small displacements from a state of equilibrium, 
the uniformity of temperature being a necessary condition of equi- 
librium (§§ 88, 94). 

Taking now a homogeneous fluid as the type of a simple system, 
we write dW = pdV, and therefore d U= 2dS — pdV whence 

<*> ©,- y - ($.-.-* 

It follows that if the volume V and entropy S are chosen as 
the two independent variables specifying the state of the system and 
if U=$sv where $ sv is a known function of S and V 7 the 
temperature and pressure are given by the two partial differential 
coefficients of this function (the second with its sign changed). 
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For this choice of independent yariables the energy, therefore, 
plays the part of a potential function and may he regarded as the 
thermodynamic potential of the system. 

We can compare these results with the analogous relations in 
statics; S and V will represent the generalised position coordinates 
of a system, — - T and p with the corresponding force -coordinates. 
Or again in the kinetic analogue S and V will represent generalised 
velocities, T and — p the corresponding momenta or impulse- 
coordinates. 

In practice it is usually more convenient to take the temperature 
instead of the entropy as an independent variable, and sometimes the 
pressure instead of the volume, and in such cases we use a "modified 
function" in place of the function U. t 

Let V and T be the independent variables and put 

(99) , % TV =U-ST 

then d%rv = dV- TdS - SdT 

= -SdT-pdV 
leading to 

(100) __ = _£, __ = _ i) . 

Again taking p and T as independent variables put 

(101) % TP = U-ST + pV 

then 

d% TP SdT+ Vdp 

leading to 

(io 2 ) %-'=.-«, «£.'_ + * 

Finally if S and p are independent variables and if 
(103) % sp== u + pV 

we get d% SP — TdS + Vdp, 

The four functions $ S v, i$tv, $tp> $sp are thermodynamic 
potentials of the system for the corresponding pairs of independent 
variables. As however the second and third are the most commonly 
used, they will be denoted for shortness by gr and g P , and called 
the thermodynamical potentials for given volume and pressure respectively, 
the other variable being taken to be the temperature unless the 
entropy is actually specified. 

When instead of the whole body we wish to refer to a unit 
mass of the working substance we use small letters to denote the 
volume, energy and entropy, and these are got by dividing the 
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corresponds g quantities for the whole body by the mass. We shall 
denote the corresponding thermodynamic potentials per unit mass by 

f„ or «, g, or ] v , % p or \ p and g, or f,. 

As the small suffixes are sufficient to distinguish the potentials 
of unit mass from the potentials of the whole body, it is immaterial 
whether a capital $ or small f is used. 

The fundamental property common to each of the thermodynamic 
potentials viz: that all the coefficients which determine the physical and 
mechanical properties of a body are known when a certain function of 
the independent variables which define the state of the body is Jcnown } 
was enunciated by F. Massieu in 1869 — 1876, who gave the name 
characteristic function to such functions. 

98. Systems with any number of degrees of Freedom. Let us 

now consider a thermically homogeneous system with n degrees of 
mechanical freedom. The state of such a system is completely 
specified by its n generalised coordinates, x x , x 2) % B , . . . x n and either 
its absolute temperature T or its entropy S. If X u X 2 , . . . X n are 
the generalised force components corresponding to x XJ x 2) . . . x n the 
external work done in any displacement is 

dW= X x dx x + X 2 dx 2 + 1- X n dx n . 

From (83) 

(105) d U - TdS - X t dx 1 -X 2 dx 2 X n dx n 

giving for independent variables S, x X7 x 27 . . . if %sx = TJ } 

ds ~ 1} dx r - ■ Ar * 

Taking in like manner 

% TX =U-TS } 
% TX =U-TS + ^Xx, 

we have for the corresponding choices of variables 

d %Tx _ „ V^Tx _ y- 

dT °> cx r "" ^ r > 

d %TX _ _ « WStX _ , 

dT ™ > dX ~ ~t~ °°r> 

r 

d Jsx_ T 3g« _ 
dS ~ + *> dX r ~ + <*■ 

We may also construct other modified forms of thermodynamic 
potential for cases in which it is convenient to take some of the 
independent variables to be coordinates and some to be force 
components. 
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99. Number of Arbitrary Constants in the Potentials. The energy 
and entropy of a system each involve an unknown arbitrary constant 
dependent on the fact that we are only able to take cognisance of 
changes of their values and that we cannot form a definite conception 
of a state of zero energy or entropy. 

Consequently the thermodynamic potentials in which the tem- 
perature is an independent variable contain two arbitrary constants 
entering in the form a + bT. 

If we agree to choose an arbitrary zero of energy and entropy, 
i. e. to make the entropy and energy zero in a state which is capable 
of experimental realisation, the constants disappear. 

Whether a state at absolute zero of temperature can be taken 
as that of zero entropy depends on whether the heat capacity tends 
to a finite limit or to zero as the temperature approaches zero. If 
the former the entropy at absolute zero will be minus infinity. 

100. Connection with available energy; Helmlioltz's "Free 
Energy". If we compare the expressions for $y an ^ %r with the 
expressions of §§ 90,91 we see that by a proper choice of the arbitrary 
constants mentioned above $y becomes the available energy of the 
system in the presence of a medium of the same temperature as itself, 
and %p becomes its available energy in the presence of a medium of 
the same temperature and pressure as itself The difference is that in 
§§ 90, 91 we do not necessarily suppose the temperature and pressure 
of the system to be the same as those of the medium, so that our 
expressions there obtained are of a more general character. When 
the system has come into a state of equilibrium with the surrounding 
medium its available energy will be equal to ^r or $ P as the case 
may be 1 ), or will differ from these functions by the arbitrary 
constants a + bT. 

In the case of a compound system, a method of proof identical 
with those of §§ 90, 91 shows that the available energy relative to a 
medium T is of the form 



or 



U-U -T (S-S ) 
U-U -1 (S- S ) + ^X (x - x ) 



1) This statement leads to little difficulty in connection with §§ 90,91 in 
which we have assumed the zero of available energy to be obtained when the 
temperature (and pressure) of the system are the same as those of the medium. 
The fact is that many writers have deduced the conditions of thermodynamic 
equilibrium from the consideration of isothermal displacements alone, and for 
such displacements the thermodynamic potentials sufficiently determine the 
variations of available energy (or a free energy" in the sense adopted by 
Helmholtz). 
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according as the coordinates or the external forces X . . . are 
maintained constant. It is easy to see that a similar connection here 
exists between the functions ^ Tx and $ TX and the corresponding 
available energies of the system subject to the limitation that equilibrium 
exists between the system and medium. 

The potential $ T v or $ Tx is the function used by Helmholtz 
under the name of "free energy". This potential is known as the 
inner thermodynamic potential by Duhem while the other potential 
%tp or %tx is called the total thermodynamical potential. 

101. Thermodynamic Surfaces. A function of one or more variables 
is not necessarily expressible in terms of those variables by any 
symbolic formula, however complicated, hence we are not justified 
in assuming a priori that a thermodynamic potential is so expressible 
in terms of the variables which are chosen to define the state of the 
system. In a simple system, where we have only two independent 
variables, and one dependent variable, namely the corresponding 
thermodynamic potential, we may take these as represented by the 
three rectangular coordinates of a point, and the locus of this point 
will be a geometric surface which is called a thermodynamic surface. 

Taking a unit mass of a working substance, the surface obtained 
by taking (y, s, u) as coordinates is known as Gibbs' thermodynamic 
model of the substance, and has been constructed for various actual 
substances from experimental considerations. Taking x, y, z as the 
axes of v, 5, u respectively, the polar reciprocal with respect to 
\f = 2z keeping x constant gives the corresponding (y, T, % ) surface 
and the reciprocal with respect to x 2 +y 2 =2z gives the (p, T, gp) 
surface as will be shown later. 

The condition of stability of § 92 also receives a simple geometric 
interpretation in connection with the (y, s, u) surface. It represents 
the condition that the surface in the neighbourhood of any point 
shall be below the tangent at that point, i. e. shall be concave up- 
wards if the axis of u is drawn upwards. 

102. Thermodynamical potentials of an Elastic Solid. In the 

theory of elasticity, the state of strain of a body at any point is 
determined by six components (e x , s y , s z , y x , y yy y £ ), connected with 
the three displacements (|, rj } g) of the point (x, y, z) by six rela- 
tions of the forms 

36 . i/8i], dt\ 



e x = 



dl l /d n M dt\ 



On the other hand the state of stress is defined by six com- 
ponents (6 X , 6 y , a Z) x x , t y , t g ) so chosen that in any small displacement 
the work done referred to unit volume of the undeformed body at 
the point (x, y, i) is 6 x de x + 6 y ds y + 6,ds, + x x dy x + t y dy y + x z dy z . 



96 IX. THERMODYNAMIC POTENTIALS. 

To refer this to unit mass instead of to unit volume we have 
to divide by q the density of the body in its original undeformed 
state, and taking u as the energy per unit mass, we have 

du =Tds + ~ (^eds + Vr^)' 

Here qu is the elastic potential of unit volume at constant 
entropy, giving for adiabatic changes 

fdu\ rf ( du \ 

f(s^).- *-'■■■' Q W x )r tx '---' 

the differentiations being made on the supposition that the entropy 
is constant. This condition holds in the case of rapid vibrations in 
which no heat passes between the parts of the body. 

Introducing the thermodynamic potential $? f , namely 

we have 

d% £ = - sdT + ~ (y)<sds + y*rdr) 

leading to 

the condition T = constant during partial differentiation showing that 
% s is the proper elastic potential to use for slow displacements where 
the temperature remains constant. 

If the stress components are given the potential functions to be 
used are obtained by subtracting from u and g e the expression 

-r(?x£x + 6 y £y + &z£z + t x y x + x y y y + x 9 y a ) 

and the corresponding potentials may be denoted by %sa and % Ta 
respectively, or for brevity $ s and g r . We shall have 

for adiabatic changes s x — o-^-> y x ■— 0-^-1 

Q ° 6 X Q ° x x 

- " • " i t i 1 ^&ra 1 2g T <r 

tor isothermal changes £* = * — > 7* = s 

In the case of simple traction parallel to the axis of x, we have 
<5 y , 6 Z > tx> tyi tz each equal to zero, and the corresponding value of 
r x /e x derived from the potential g ra represents the ordinary modulus 
of elasticity (Young's modulus). It is also to be observed that in 
the ordinary theory of elasticity where small displacements are only 
taken into account, so that the stresses are assumed for the purposes 
of calculation to be linear functions of the strains and conversely, 
the potential functions are quadratic functions of the strains or 
stresses according to the choice of coordinates, and the entropy of 
unit mass must therefore be also a homogeneous quadratic function 
of the same variables, plus a constant. 
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CHAPTER X. 

APPLICATION OP THERMODYNAMICS TO RADIATION. 

103. Black body radiations. The principle of degradation of 
energy is essentially based on our knowledge of phenomena associated 
with matter. The motions of the celestial bodies, and the propagation 
of light waves which reach the Earth from distant stars afford 
evidence that in the ether no such degradation of energy takes place, 
or, if degradation exist, it is immeasurably smaller than what occurs in 
the phenomena of material bodies. 

While radiation may follow a body in a particular direction, the 
radiation emitted by a body is equally distributed in all directions. 
It follows that when the ether is traversed by radiation which is 
unequally distributed as regards direction no state of heat equilibrium 
can exist between the ether and a material body, and the notion of 
temperature at a point which is the same in all directions becomes 
inapplicable to the ether. Even if the heat absorbed and emitted 
by a body are equal in amount, they are different in direction, so 
that this condition, so far from representing an equilibrium state, 
corresponds to a steady irreversible transformation. 

For heat equilibrium to exist between* a body and the ether it 
is necessary that the radiation should be equally distributed in all 
directions, and that the intensity of the total radiation falling on the 
body should be equal to that of the radiation emitted by the body. 
If we imagine a body of uniform temperature containing a cavity 
unoccupied by matter this state of equilibrium will soon be attained 
and the intensity of the radiation inside the cavity will be the 
intensity of radiation of a "black body" of equal temperature. In 
this way a black body is capable of experimental realisation, and 
its radiation has been studied by Lummer, Wien, Pringsheim 
and others. 

In many of the previous discussions it has been tacitly assumed 
that when heat passes from a hot to a cold body the transfer takes 
place instantaneously, and this is virtually equivalent to assuming 
that the heat capacity of the ether may be neglected. There is no 
a priori reason for asserting that heat could not be made to pass 
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from a cold to a hot body, and perpetual availability thus obtained, 
if it were possible to produce a suitable series of changes during the 
small time -intervals occupied by radiation in travelling from one 
body to the other. If such a possibility existed, it would be difficult 
if not impossible to put in practical working, and would in no way 
vitiate the validity of the principles of thermodynamics as applied 
to a large and important class of phenomena in which they would 
still hold good. 

The only way of dealing with this point is to ask in the 
first instance the question: If the principle of degradation of energy 
still holds good what consequences are logically deducible from it? 
When this question has been answered the next step in the enquiry 
is to ascertain whether these consequences are in agreement with 
experiment. 

104. Existence of radiation pressure. Now the first result arising 
out of this mode of reasoning is the existence of pressure due to 
radiation. 

For let S be a perfectly reflecting tube, near the ends of which 
are placed perfectly reflecting partitions G 7 D, the space between 
which is devoid of radiation. Let a colder body B and warmer body 
A be placed in the two ends, and let the partition I) be opened. 

Then radiation from B will pass 
C J? into the tube until an equili- 

brium state is attained. If D 
be closed and B opened this 
radiation will certainly pass to- 
Fig u wards the warmer body A, but 

• A will send radiation of greater 

intensity into the cavity so that heat will not as yet pass from the 
colder to the warmer body. 

But if the plug D be moved up to the end C, the heat from B 
tvill be transferred to A. 

If we assume that this case does not afford an exception to the 
principle of degradation of energy, available energy must be supplied 
from without, and the only form which this energy can assume is 
that of work done in moving the plug from D to G, The radiation 
must therefore exert a pressure on the plug. 

Now the existence of such a radiation -pressure is verified by 
experiment as well as by theoretical considerations which are in- 
dependent of the laws of thermodynamics, in connection with the 
electromagnetic theory of light. We may regard this result as a 
first step towards proving that it is impossible to restore lost availability 
by means of the ether. 
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105. Boltzinaim's Investigation. We may now following the 
methods of Boltzmann construct a Carnot's cycle for the ether or 
"ether engine" as follows: 

Let KC be a perfectly 
reflecting tube containing a per- 
fectly reflecting piston C, and 
devoid of matter, A a hotter K 

and B a colder radiating body. 

(1) The piston being at 
the end K, let it be placed in 
contact with A, and let the Pig. 15. 
piston move outwards slowly, 

the space behind absorbing radiation from A and work being done 
by the radiation pressure. 

(2) Let the body A be removed and the end K closed to further 
radiation. Let the piston move outwards until the intensity of 
radiation has diminished till it is exactly in equilibrium with that 
emitted by B. 

(3) Let the body JB be placed at the end K and the plug C 
pushed in until it is in contact with JB, the whole radiation inside 
the tube being absorbed by B. 

(4) Let the body A be substituted for JB. 

By applying the laws of thermodynamics to this cycle Boltz- 
mann obtained an important relation connecting the energy of 
radiation per unit volume, the radiation pressure, and the temperature 
of the radiating body. 

Suppose when the temperature of the radiating body is T, that 
the energy of radiation per unit volume in the ether, when equilibrium 
has been established is ty } and the radiatio'n pressure is f. 

Let T lf T 2 be the temperatures of the source and refrigerator, 
v 17 v 2 the volumes of the space enclosed by G at the beginning and 
end of the second process which is an adiabatic transformation. 

The energy received by the medium in the first step is ^ 1 v 1 
and the work done in expansion is f t v v Hence the total heat received 
from A is (f x -f ipi)v v v* 

In the second step the work of expansion is equal to f fdv 

and is equal to the loss of radiant energy '^ 1 v 1 — ijj 2 v 2 . Vi 

In the third stage the work of compression is f 2 v 2 and the total 

heat received by B is (f 2 +i^ 2 )v 2 . 

The principle of conservation of energy applied to the second 

process thus gives 

(106) Vi % - 1>i v 2 = J fd v. 
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While the analytical expression for the second law (the cycle 
being reversible) namely 

gives 

(107) M/l+'fli) = vAft + ipz) . 

Equations (106), (107) involve the volume v and are only true 
for adiabatic processes. By eliminating v we get a relation which is 
not subject to this restriction, f and i/> being only functions of T. 
Making T x — T 2 an infinitesimal of the first order in (106), (107) 
we have 

fdv = — vdip — tydv, 

T[(f+ i>)dv + vd(f+ lift - v(f+ il>)dT=0. 
Eliminating — from these equations we have 

(108) Tdf-(f+f)dT=0 
which is Boltzmann's Equation. 

106. Stefan's Law. If we assume with Maxivell that the radiation 
pressure is equal to one -third the energy per unit volume, that is 

f= - $ we get Tdip = 4ipdT or 

(109) ^aT 4 

or the energy per unit volume in the ether in the presence of a 
"black body" varies as the fourth power of the temperature. 

This is known as Stefan *s Law and has been verified experi- 
mentally. Conversely if Stefan's Law and the formula for the radiation 
pressure be assumed as the result of experiment, we have a con- 
firmation of our assumption that the laws of thermodynamics are 
applicable to the ether. 

According to Stefan's law, the heat capacity of the ether per 
unit volume oc T 3 . Under these conditions we may state that the 
temperature of the ether is T, this being the temperature of a "black 
body" in thermal equilibrium with the ether, and the radiation being 
assumed to be equally distributed in all directions. 

Stefan's law is not a pure deduction from thermodynamical 

principles, for if we had assumed f = ty instead of - ty we should 

have found ty on T 2 instead of T 4 . But if Stefan's Law be assumed 
it affords a measure of absolute temperature which is independent of 
any material body. 
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107. Entropy of black body radiation. If, following the old 
practice, we define entropy for reversible processes by the relation 

dS = -jr> the entropy, per unit volume, of black body radiation may 

be obtained by considering a black cavity the temperature of whose 
walls is gradually raised from the absolute zero to temperature T. 
Assuming Stefan's Law ^ = &T 4 this gives 



(no) s '=Sy 



— 1,1 - 3 Y 



where S f represents entropy per unit volume. 

Referred to auxiliary temperature T, this represents a quantity 

of unavailable energy — ty. Of this quantity $ represents the actual 

l 
energy of the cavity, and the remainder — -ip is equal to f and 

represents unavailable energy arising out of the radiation pressure. 
It is obvious that if we wish to transfer the energy of the cavity to 
a body at temperature T, work ty must be done by the radiation 
pressure, so that the total energy transferred which is unavailable at 
temperature T is equal to ip + /. 

If however we start with the second definition of entropy, it 
follows conversely that the entropy of the black cavity radiation is 

in every instance equal to ™^ ? and this conclusion is independent 

of Stefan's Law. 

108. Impossibility of increasing availability by optical methods. 

If it were possible to cause heat to pass from a colder body to a 
hotter one by means of burning glasses, concave mirrors or indeed 
any optical combination, we should have an exception to the principle 
of degradation of energy, and should find it easy to obtain energy 
in the form of work from a thermically homogeneous system. That 
this is impossible was shown originally by Clausius in the case in 
which the extreme media were the same; and it was - also shown that 
if the conclusion applies equally when the extreme media are different, 
then the intensity of emission of a body in any medium must be 
proportional to the square of the refractive index for that medium. 1 ) 
When a ray falls on a surface separating two media, part is 
reflected and part refracted. It is obvious that the existence of the 
reflected portion reduces the efficiency of a burning glass for the 

1) Pogg. Ann. CXXI (1864) 1. As an example of the property, it would 
be impossible to beat a body to a higher temperature than the Sun by con- 
centrating the Sun's rays with a burning glass, even if atmospheric absorption 
did not exist. 
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purpose of concentrating heat, and it is to be noticed, further, that 
the splitting of the incident ray into two parts is in general irre- 
versible] for, taking light of a certain definite wave length, a definite 
relation exists between the amplitudes, phases and polarisation of the 
reflected and refracted components, and unless this relation w^re 
preserved when the paths of the rays were reversed, they would not 
recombine to form a single ray. If such recombination were possible 
in the case of radiations emitted by different bodies we might have 
a means of restoring lost availability. We shall therefore assume, 
to shorten the discussion, that the loss of availability can in no 
case be less than it would be in the case of purely hypothetical 
media which refracted the whole of the incident light. Such a 
medium we might call a "perfect refractor", a "perfect reflector" 
being similarly defined with reference to reflection. 

Let ds and ds ! be elements of area of two radiating surfaces, 
and suppose that the rays from a point on ds which reach the 
element ds* lie within a cone of solid angle dco 1 whose axis makes 
an angle s with the normal to ds. Then if I be the intensity of 
normal radiation from ds, the total quantity of radiation falling on 
ds* is 

(111) dQ = I cos s-dcods. 

With corresponding notation for the element ds\ if dQ ! denote 
the quantity of radiation received from ds on ds ! , 

dQ' = I f cose 1 -dco' ds'. 

The condition that dQ = dQ' requires that 

I cos s dads = I f cos e'dco'ds 1 . 

If the extreme media are the same, I, I 1 are, for perfectly 
radiating bodies, functions of the temperature alone, and in order 
that heat equilibrium may represent equality of temperature we have 
to prove the relation 

(112) - cos sdcods = cos s'dco'ds'. 

In the case of direct radiation through a homogeneous medium 
if r be the distance between the elements 

, ds' cos s' , » ds cos e 

dco = = > dco = = — ; 

r 2 r a 

cos sdcods = cos s'dco'ds*. 

It follows from this that the ratio 

cos a'dco' ds* 
cos sdcods 
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is equal to unity for all pairs of points in the case of rectilinear 
propagation of light in a homogeneous medium. We may say that 
the product of the cross section ds r cos s f into the solid angle d(D r 
of a pencil is invariant at all points of its course in the same medium. 

109. Case of a perfect refractor. It now remains to show how 
this ratio is altered at a reflecting or refracting surface. 

Let d6 be any element of the refractive surface, [i, /i/ the indices 
of refraction, qp, qp' the angles of incidence and refraction, ty the 
azimuthal angle measured about the normal. 

Then the solid angles da, dco 1 of a small pencil before incidence 
and refraction may be taken to be 

dco = sin ydydty, d(D r = sin qp f dtp 1 dty\ 

But , . , 

[i sin qp = 11 sin qp , 

. ' . /Lt cos cpdcp = [i* cos qp' dcp\ 

.'. p 2 cos cpdcodtf = /Lt' 2 cos cp'd&dti 

so that the ratio of the differentials 

cos qp' dco' dd _ ti* 
cos cpd(od6 y,'* 

dQ r we must have 

r* ~ r ' 

By extending this result to any number of reflections and 
refractions, we see that the ratio 

H fi cos s r dco f ds f 
ft 2 cos edcods 

at any two points traversed by the rays is equal to unity, or the 
product of the cross section 
into the solid angle of a 
pencil at any point is in- 
versely proportional to the 
square of the refractive 
index (Fig. 16). 

It should be noticed ds 
that Helmholtrfs formula for 
the magnification of an 
optical combination is con- 
tained in this result. 



and when d Q 
(113) 




Fig. 16. 



110. Entropy of directed radiation. From the last article it 
follows that if radiation of intensity I is emitted in a medium of 

index [i, the quantity -^ is an invariant in the sense that it represents 
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a quality of the radiation which is unaltered by perfect reflection or 
refraction or direct propagation. So long as this is the case the trans- 
mission of the rays does not necessarily involve passage from a hotter 
to a colder body. 

If we imagine a perfectly black body of finite size emitting 
radiation, then at any distant point the directions of the rays will 
be confined to the solid angle which the body subtends at that point. 
By means of a suitable combination of perfect reflectors or refractors 
or both we may regard it as theoretically possible to make any 
portion of the rays converge into a smaller area in such a way that 
this solid angle is increased to 2%, When this is the case there 
will be equilibrium of radiation at the surface of convergence if the 
temperature of a body placed there is equal to that of the source. 

On the other hand, if the source begins to send out radiation 
into empty space, radiation pressure will be set up where it did not 
previously exist, representing an increase of unavailable energy and, 
therefore, of entropy. 

The entropy per unit volume at any point of the ether is a 
measurable quantity in the case of a radiating sphere surrounded by 
a perfectly reflecting concentric spherical surface. This case differs 
from the previous one in that we have everywhere to deal with 
emitted and reflected radiation of equal intensity confined within the 
same limits of direction. 

If the radius of the reflecting sphere is decreased from r to 
r — dr, the radiation between these distances will be absorbed by 
the source, and work will be done against the radiation pressure. 
It follows that the entropy per unit volume again takes the form of 

§ 107, viz S = J~ where if) is the total intensity of radiation, f 

the radiation pressure, and T the temperature of a perfectly black 
body emitting radiation of the intensity in question. 

111. Summary of irreversible radiation phenomena. The irre- 
versible processes connected with radiation may generally be summed 
up in Planck's statement that emission without simultaneous absorption 
is possible but irreversible, absorption without simultaneous emission is 
impossible. 

Although the generation of entropy due to outward radiation 
considered in the last article may be naturally regarded as taking 
place in the ether, it will be seen that the change is really a direct 
consequence of this assumption. If it were possible to conceive a 
body at temperature 1 capable of absorbing without emitting the 
radiation due to that temperature, any portion of the ether could be 
cleared of radiation without doing work against radiation-pressure, and 
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without involving passage of heat from a hotter to a colder body, 
so that the gain of entropy in question would then cease to exist. 

Another case of irreversibility occurs when a body absorbs 
radiation in certain directions and emits radiation in all outward 
directions without gaining or losing heat on the whole. Here the 
invariant of the radiation is changed, and the scattering of light by 
small particles affords a familiar instance. 

A third case, not yet considered, arises in connection with 
imperfectly radiating or absorbing bodies. A discussion of such 
bodies will be found in elementary treatises on light and need not 
be given here. For our purpose the phenomena are sufficiently 
represented by considering that the invariant of the emitted radiation 
is the same as that of a perfectly black body of lower temperature 
while the invariant of the absorbed radiation is the same as that of 
a perfectly black body of higher temperature. The irreversible 
changes are thus measurable in terms of heat taken from a higher 
to a lower temperature, and therefore they define increases of entropy. 

All these cases are covered by Planck's general statement quoted 
above. Whether all the irreversible phenomena of the universe can 
be deduced from this statement by the consideration of intermolecular 
radiations is a difficult question to answer, especially in connection 
with such phenomena as diffusion of gases. 

Note. In this chapter no attempt has been made to give a 
complete account of the thermodynamics of radiation. The proof of 
Maxwell's expression for the radiation, and all considerations relating 
to the distribution of light -waves of different frequency in black 
cavity radiations have been omitted. For a full discussion of these 
and other questions, and further considerations relating to the entropy 
of radiation especially as treated from a statistical stand- point the 
reader is referred *to Dr. Planck's recent treatise. 1 ) 



CHAPTER XL 

THERMODYNAMIC FORMULAE OF A SIMPLE SYSTEM. 

[CHAPTER III SHOULD BE REVISED BEFORE PROCEEDING FURTHER.] 

112. Deductions from the First Law. In Chapter III we showed 
that the various thermal differential coefficients of a body are not 
all independent but are connected by the formulae of the Differential 
Calculus for change of the independent variable. The laws of thermo- 

1) Vorlesungen uber die Theorie der Warmestrahlungen. Leipzig, Barth, 1906. 
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dynamics introduce two new quantities, namely, intrinsic energy and 
entropy, and differential coefficients involving these quantities fall 
under the general formulae there discussed. 

We now have, however, the further properties that in reversible 

changes dQ — dW and -—- are perfect differentials of these two 

quantities, and we may apply the well known analytical theorem, 

that if Mdx + Ndy is a perfect differential then -~ — = -^z- 

Applying this property to dQ — dW and assuming x and y to 
be independent variables by which the state of the body is defined, 
Clausius gives the formula 

(1 14) JL d A^ A^ = JL^E_ d dw 

^ ' dx dy dy dx dx dy dy dx 

Taking a unit mass of fluid as a simple system we may put 
dW=pdv, and for the added heat which we now call dq, if we 
write as in Chap. Ill 

(27) dq = l v dv + ?v dT, 

(28) dq = l p dp +Y P dT, 
(30) dq = 3£dv+Ndp, 
we obtain the particular forms 

( 115 ) -4^ -w 

^ LL0 ) dT dp' 

dM dN . 

(117) Tp--J^ =l > 

and since each of these expresses the condition that the same expression 
should be a perfect differential, each is analytically deducible from 
the others as can be readily verified. 

113. Deductions from the Second Law. Again making -~ a perfect 
differential, we obtain in the first place Clausius' formula 

(118) JL dQ. __ JL d JL = 1 l d 3 dT _ l$L ll\ 
^ ^ dx dy dy dx T \dx dy dy dx) 

and in the second place the particular forms 

(119) K *' d7 ' 

(120) 
(121) 



dT T * dv' 




dl P 1 p d ?P 
dT T ~ dp' 




dN dM _N dT 


M dT 


dv dp T dv 


T 7£ 
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Combining these with the previous set of equations we obtain 

(122} W— — - — —) =^^-°Q d ^, 

^ ' \dx dy dy dx) dx dy dy dx 7 

o>*> Oil— r- 

(125) M^--N^~T. 

From (115), (123) and (116), (124) we deduce further, the relations 

0*9 (£),-*ffiB, 

which are of use in experimental determinations of %, and ?v 

114. Maxwell's Four Thermodynamic Relations. The last two 
articles , combined with the results of Chapter III, will show how 
easy it is to write down an almost endless number of thermodynamic 
formula. In order to evolve order out of the chaos which would 
very soon arise, it is best to introduce the thermodynamic potentials, 
which for unit mass we denote by 

u or f„, f r , fp ( and f, or % sp . 

Applying the conditions for a perfect differential to the differentials 

of these functions, as given by § 112 and writing -~ for ds 

o»> (£>.-- '&).■ 

"»> (14=+ *(&)• 

o*» . 0,---(ft)/ 

of which (129) is identical with (123) and (130) with (124). Equation 
(123) is moreover the equation (22) given in Chapter II § 29 and 
known as Clapeyron's Equation. 

These four relations are mutually dependent for if (128) is satisfied 
Tds —pdv is a complete differential, therefore (e.g.) Tds —pdv — d(Ts) 
is a perfect differential giving (129). 
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These relations are known as "MaxivelVs four thermodynamical 
relations", and they may be readily interpreted in words. 

Attending only to the signs of the differential coefficients, we 
draw the following conclusions. 

(a) If the substance expands adiabatically, the temperature will 
increase or decrease as the volume increases, according as addition of 
heat decreases or increases the pressure at constant volume. 

(b) If the substance is compressed adiabatically, the temperature will 
increase or decrease tvith the pressure, according as addition of heat 
increases or decreases the volume at constant pressure. 

(c) If the substance expands at constant temperature, it will absorb 
or give out heat as the volume increases, according as the pressure at 
constant volume increases or decreases with the temperature. 

(d) If the substance is compressed at constant temperature, it tvill 
absorb or give out heat according as the pressure increases as the volume 
at constant pressure decreases or increases tvith the temperature. 

As an example we may take the case of water below the tem- 
perature of maximum density. Here when the pressure is kept 
constant the volume decreases as the temperature increases and "con- 
versely". Hence (-r|r) and (~*-j are both negative, and the second 

and fourth relations give ( d ) negative and (-?■) positive. We 

conclude that in such a substance an increase of pressure causes cooling. 

The equations moreover give an exact numerical relation between 
the phenomena correlated by them. For example (124) may be stated 
quantitatively thus: "TJte latent heat of expansion at constant tem- 
perature is equal to the product of the temperature into the rate of 
increase of pressure per unit increase of temperature at constant volume." 

For a system defined by n -f 1 variables viz: T or S, and either 
the n generalised coordinates x 1? x 2 , . . . x n , or the corresponding 

generalised forces, X u X 2 , . . . X n , we get 2 (w+l)w independent 

relations from the condition of integrability of the differential of any 
thermodynamic potential. 

We thus obtain the four sets 

( (£L\ = — ( dX A , ( dX A = ( dX A 

\dx 1 )s,x* \dS/x' \dxjs,x 1 \dx 1 )s t x^ 

■fdS\ (dXA ^ /dX^ = /dX 5 \ 

(*!L\ ( dx i\ ! dx i\ = ( dx A 

\dxJ T ,x 2 \dTjx \dXj T ,x l \dxJ T ,x, 

(dT\ (dx x \ fdx x \ _ (dx 2 \ 

' \dXjs, x 2 " VdSJx [dXjs.x, ~~ \dXjs,x 2 ' 



(132) 
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As a further example, we may consider the case of an elastic 
wire subject to longitudinal tension only, here we obtain the following 
relations (see § 102 for notation) 

q \ds)a x \da x / s ' 

(d*„ 



q \dTJo„ ^ \daj , 



These equations, like Maxwell's ordinary relations can be tested 
experimentally. For example the last equation but one asserts that 
a sudden (adiabatic) increase of tension will increase or lower the 
temperature of a wire according as the addition of heat produces 
contraction or elongation under constant tension. The former is the 
case in caoutchouc. 

115. Geometrical proof. Maxwell's four relations may also be 
deduced from the property that the areas of the pressure -volume and 
temperature -entropy diagrams corresponding to a Carnot's cycle are 
equal and therefore, substituting these variables in equations (41) 
each member becomes numerically equal to unity. The question of 
sign is easily settled. 

116. Expression in terms of thermodynamic potentials. A further 
simplification and coordination of formula is effected by expressing 
all the thermodynamic magnitudes in terms of one of the thermo- 
dynamic potentials and its derivatives with respect to the corresponding 
independent variables. There being four potentials for a simple 
system, every expression can thus be expressed in four different ways, 
and there will be a close analogy between the expressions for (e. g.) 
the specific- heat at constant pressure referred to independent variables 
Pj T and potential \ pT and the specific heat at constant volume 
referred to independent variables v, T and potential \ vT . For the 
sake of brevity we only consider here expressions in terms of the 
two more important potential functions f^ and f^ (referred to unit 
mass) in which the temperature is the other independent variable, 
and these we write side by side in order to being out more clearly 
the kind of principle of duality between them. 

fp- Formulae. 

Specific heat at constant 
pressure 

(ds\ _ T d Jp 

Specific heat at constant 
volume 



f p - Formulae. 
Specific heat at constant 



volume 



/v \dfh \dTj v ~ X dT* ' 

Specific heat at constant 
pressure 



Yp \dTJp T \dT) p T 6 
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Tp 



\dTjp 



ds dp ds 
TT dv~~ dv 


dp 
dT 


dp 
dv 





= T 



(by Chapter III Formula 40 d) 

d\Z\_ ( d % V 
r ar 3 dv* \dTdv) 



V,--T- 



dv* 



moreover 



Yp-r^T 



( n y 

\dTdv) 



dv* 



I 



(dp\* 
\dT) 

dp 
dv 



Latent heat of expansion, at 
constant temperature 

ds ?>*l 

l "~ ± dv ~ X dTdv 

I. 



L 



© 



= + T 



dTdv 



IT dv' 

Coefficient of Expansion under 
constant pressure 

_ 1 (dv\ 
cc ~Y\dT) P ' 

For constant p we have found 

U dvdT^ dv* \dTjp 
whence 

d%_ 

dvdT 
« - d% 

v -w* 

on the other hand a' as just defined 
opposite is given by 



P \dT, 



).- 



dvdT 
dv 



7* 



T (ds\ 

ds dv 



ds dv 



= T dT dp dp dT 
dv 
dp 

(by Chapter III Formula 40 d) 
dT*dp* \dTdp) 



y,= -T- 



r 

dp' 



moreover 



_ _ rr \dTdp) , vKdTj 



?v -y p = T- 



V f. 



+ T- 



dv 
dp* Jv 

Latent heat of pressure -vari- 
ation at constant temperature 



/. 



i. 



T ds 
dp 



= -T 



dTdp 

d *\p 

fdv\ •*- d*l 

\dpji 



(dv 



dp)T dp* 

Temperature Coefficient of 
pressure at constant volume (simi- 
larly defined to a) 

a' -± (*£.). 
P \dT), 

For constant v 




whence 



d \ , d *]p (dp\ 
dpdT' 1 ' dp' \df) 



dpdT 

&\ p 

p dp* 



At 



on the other hand the coefficient 
of expansion is given by 

2 2 f„ 



JL ( dv \ - M dT 

v \dTJp' 



dp 
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At constant temperature 



dp 

dv 



dv"' 



The modulus of elasticity is 
therefore 

\dv/T ov* 

The modulus of elasticity at 
constant entropy is vi^j whence 
by Chap. Ill Formula (40 d) 



dp ds 
/dp\ _ dv dT 
\dv)~ 



dp ds 

Ft dv~ 



ds_ 

dT 



dT 2 dv* XdvdT) 



n, 

dT % 

To transform any other partial 
differential coefficient we refer to 
T and v as variables by the formulae 
of § 34 and finally substitute 

dT' * dv' 



At constant temperature 



dv 



£-'+ 



dp 



dp" 



The modulus of elasticity is 
therefore 

fdv\ dp 

dp" 

The modulus of elasticity at 
constant entropy is 

d\ 



\dv) s 7 



or 



dp 



dv\ 
4pJ* 

/dv 



where 



fdv\ 
\dp), 



dv ds 
op dT 



dv ds 
dT dp 



ds_ 
dT 



= + 



dT*dp* \dpdTJ 



dT" 



To transform any other partial 
differential coefficient we refer to 
TanAp as variables by the formulae 
of § 34 and finally substitute 



dT 



*%> v = + 



dp 



117. Modifications in certain irreversible processes. The expressions 
for dq in § 112 are assumed on the hypothesis that the small change 
(dp, dv, dT) is reversible and that dq represents heat communicated 
to the system from without. The six coefficients y v , l VJ . . . are 
definite functions of any two of the variables (p, v, T) by which 
the state of the system is defined. 

In the case of intrinsically irreversible processes by which heat 
is converted into work in the interior of the system, by friction, 
viscosity, or other causes, (as explained in § 81) our formulae require 
to be reconsidered and modified. 

As a general rule a system does not remain homogeneous under 
such circumstances, and moreover its parts are usually in motion 

BRYAN, Thermodynamics. g 
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among themselves. We may however apply the usual methods of 
analysis by supposing the system divided, into differential mass 
elements. The kinetic energy of dm due to the motion will be 
a quantity kdm in which k is calculable by the methods of hydro- 
dynamics. Moreover the intrinsic volume v of unit mass has a 
definite value for every differential element, and we shall assume the 
same is true of temperature T, and that the temperature at a point is the 
same in all directions. The following investigation will then refer 
to the progress of events in a differential mass -element of the system. 
If the substance when at rest obeys the equation 

f(P, v,f) = Q 
this equation can be used to define the pressure at any point at 
any instant; in the case of a viscous fluid this will be the mean 
pressure considered in the theory of viscosity, and will be different 
from the actual stresses at that point. 

If instead of dq we write dq in equations (27, 28, 30), for example 

(133) dc\ = l dv + y v dT 

dc\ represents the quantity of heat which would be required to produce 
the transformation (dv } dl 1 ) by perfectly reversible processes. 

We use dq as usual to denote the quantity of heat received 
from without, and we may put 

(134) dc\ = dq + dh. 

The quantity dh, in accordance with § 81 will be defined as the 
quantity of heat generated in the interior of the system, and we 
notice that it is given by 

(135) dh = l v dv + y v dT - dq. 

Let dw be the external work done by the substance, k the 
kinetic energy due to the motion of its parts among themselves. 
Then if we put 

(136) ds - dq - dw 

ds represents the quantity of energy communicated to the substance 
from without. 

Again if we put 

(137) du = dq -pdv « (l.—p)dv + y D dT 

du represents the increase in the intrinsic energy of the substance, 
i. e., in the energy depending on its volume and temperature. 
Because the coefficients l v and y v are functions of v and T defined 
by the equations of reversible thermodynamics, du is the perfect 
differential of a function u, which is the same function of v and T 
as in reversible thermodynamics. 
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Now the energy communicated to the system from without is 
partly converted into kinetic energy of agitation, and partly into 
intrinsic energy, therefore by the Principle of Conservation of Energy 

(138) ds = d~k + du. 
Hence 

(139) dq — dtv = dh + dq —pdv, 
whence 

(140) pdv — dw = die + dh 

If the initial and final kinetic energy is zero we have . 

(141) fpdv -fdw = fdh. 

The left hand side of this equation represents the quantity of 
work energy lost in the interior of the system, and the right hand 
the quantity of "internal heat" generated irreversibly in the system, 
and we notice that these are equal, as they should be. 

The difference between fpdv and fdw may represent work 

done in agitating or stirring the system as in Joule's experiment, 
or it may represent work energy lost by the substance in flowing 
from a place of higher to one of lower pressure, as in the case of a 
gas rushing suddenly into a vacuum or passing through a porous plug. 

It will thus be seen that the equations which we have obtained 

• so far are consistent with (a) the principle of Conservation of Energy, 

and also with (b) the axiom that the intrinsic energy of a simple 

system (excluding kinetic energy of agitation) is a function of its 

volume and temperature alone. 

We shall now show how equally consistent results can be obtained 
in connection with the entropy -properties of the particular system 
under consideration. If we put 

(U2) ds 7 * y° 

ds will represent the change of entropy per unit mass if the trans- 
formation dv, dT is reversible. On the hypothesis that the entropy 
of the system at any instant depends on the actual state of the 
system at that instant and not on its previous heating, we must 
assume the above expression to represent the change of entropy 
whatever be the means by which the change is effected, so that we 
now have with the above definition of dc\ 

(143) ds-^- 
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The entropy per unit mass imported into the system from without 
is equal to d<5 where 

(144) d6 - ^- 

The difference represents the entropy per unit mass generated in 
the system and is by (134, 140) given by 

,< iPN , -, dh pdv~dw — dk 

(145) ds - da *= -^ = ^ ^ 

or 

,„ .„. -, pdv — dw — dJc4-dq 

(146) ^8 = ^ — - • 

Now let T be taken as the standard temperature of a refrigerator 
used in defining available energy. 

Then pdv — dw denotes the quantity of potential energy lost 
in the interior of the system, and this energy is all available energy. 
Also — dh represents the loss of kinetic energy which by previous 
conventions is to be regarded also as available energy, hence 
pdv — dw — dh represents the total quantity of energy rendered un- 
available within the system. Also dq represents energy imported 
into the system which is unavailable at temperature T. Hence 
pdv — dw — dh -f dq represents the total increase of energy which is 
unavailable at temperature T, and therefore 
C[A1\ j — i ncrease °f energy unavailable at temperature T 

Hence the entropy defined by (142) satisfies Definition 2 of 
Chapter VII, and conversely if Definition 2 be assumed the entropy 
will satisfy equation (142) and will be a function only of the coordinates 
(y, T) of the system, and its change in any small transformation 
(dv, dT) will be independent of whether that transformation is 
a reversible one or an irreversible one of the particular kind here 
considered. 



CHAPTER XII. 

PERFECT GASES. 



118. Definitions of a perfect gas. The earliest experiments with 
gases led to the inference that the majority of gases obey the 
following laws; provided that their states as regards pressure and 
temperature differ considerably from that at which they liquefy. 

1. Boyle's Law or Mariotte's Law. When the temperature is 
constant the volume varies inversely as the pressure. Hence pv = con- 
stant when T = constant, whence generally 

(A) pv = f(T), a function of T. 
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2. Joule's Law. All the work done in compressing a gas at 
constant temperature is converted into heat, and conversely when the 
gas expands at constant temperature the quantity of heat absorbed 
is equal to the quantity of work done. 

3. Clausius* Laiv. The specific heat of a gas at constant volume 
is independent of the temperature. 

More exact experiments show these laws to be only approximate 
(Chapter I § 10) but the properties of gases are greatly elucidated by 
studying what would happen in an ideal substance which obeyed them 
exactly. 

A perfect gas is an ideal substance which can be defined in two 
ways. According to one definition, a perfect gas is considered to be 
a substance which conforms accurately to the first and second of these 
laws, according to the other definition, adopted by Clausius, a perfect 
gas is considered to be a substance which obeys all three laws. 

119. Expansion of a perfect gas. We shall now deduce the 

principal properties of a perfect gas assuming in the first instance 

that it obeys Boyle's and Joule's Law only. When a unit mass of the 

gas expands slowly at constant temperature we have by putting dT=0 

in equation (27) , , , 

7 dq = l v dv. 

But from Joule's Law in this case 

dq=pdv 
therefore 

(148) Z,=i>. 

From Clapeyron's Equation (22) however 

<" 9 ) &).-T-fr 

By integration it follows that when v is constant p is proportional 
to T. Next, supposing v may vary, and combining this result with 
Boyle's Law, we have pv proportional to T or 

(150) pv = BT. 

It follows that the absolute temperature of a perfect gas is 
proportional to the volume when the pressure is constant, and to the 
pressure when the volume is constant. The coefficient of cubical 
expansion of a gas at constant pressure is given by 

< 161 > *- 4 (£),-■* 

and therefore at the same temperature, this coefficient of cubical 
expansion is the same for all perfect gases. This result is known as 
Charles' or Gay Lussac's Law. 
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A perfect gas contained in a vessel in which it could expand or 
contract at constant pressure , would therefore constitute a thermo- 
meter for the measurement of absolute temperature, the volume of 
the gas being proportional to the absolute temperature. A second 
method would be to keep the volume constant, and take the pressure 
as a measure of the absolute temperature. 

When an actual thermometer is thus constructed with any real 
gas, we obtain a constant-pressure or constant -volume gas thermometer; 
a convenient plan is to employ ordinary air, giving an air-thermo- 
meter (cf. Chap. I § 2). From the considerations discussed above 
such a thermometer only gives an approximate absolute scale of 
temperature, the degree of approximation of this scale depending on 
the degree of approximation with which Boyle's and Joule's Laws 
are satisfied. 

120. The Universal Gas Constant. In the first place it is obvious 
that the constant B for any gas is inversely proportional to the 
density of that gas at given temperature and pressure. 

In the second place it is readily proved from the dynamical 

theory of gases that in a medium consisting of a large number n 

of molecules moving about in all directions, the average kinetic energy 

of a molecule being L T , T 

° p}=nL 

and further for mixtures of different molecules L is the same for 
each kind, so that L may be put proportional to the temperature. If 
then M is the molecular weight of the gas, i. e. the ratio of the 
mass of a molecule of the gas to an atom of hydrogen it follows that 
(1) at given temperature and pressure, the number of molecules n 
occurring in a unit volume is constant, (2) the mass of unit volume 
is proportional to 31, and (3) the volume of unit mass is therefore 

proportional to -,- Hence if B = ^ B will be a universal constant 

which has the same value for all gases. If moreover we write 
v' = 3£v, then v f is the so-called molecular volume of the chemist, and 
with this notation we may write (150) in the form 
(152) pv' = BT. 

121. Specific Heats. In the first place we notice that 

Again substituting l v = p in the equation for the energy 

, da = da — pdv = y dT + (l v — p)dv 

we have v J 

(154) • dw — y.dT; 
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Therefore u and also y v are functions of T only. That is: The 
specific heat at constant volume and the internal energy are functions of 
the temperature alone. 

Again from (32) 

(156) Yp - Y ^l f ^) rP f = B, 

That is the difference of the specific heats is for the same perfect 
gas a constant. For different gases the differences of the specific 
heats are inversely proportional to the molecular weights. 

If, moreover the gas satisfies Clausing Law (this has not so far 
been assumed), the tivo specific heats are both constant, and moreover 
the intrinsic energy of unit mass of the gas is given by 

(157) u = *y v T + u Q . 

We should naturally take the constant u Q to be zero, i. e. assume 
that at the zero of absolute temperature the energy would vanish. 
It must not however be forgotten that a gas might possess forms 
of energy other than those considered in Thermodynamics, which did 
not vanish at the absolute zero of temperature. So long as we are 
dealing with a purely hypothetical substance we may assume any 
such property we like, but this is not justifiable if a perfect gas is 
intended as an approximation to an actual gas. 

The equation of the adiabatics referred to p, v as coordinates is 
most easily obtained from the property that the ratio of the elasticities 
is equal to the ratio of the specific heats, i. e. 

/dp\ =K (dp\ =_ % P, 
\dvjs \dv/T v 

By integration we obtain Poisson's equation 

(158) p v* = constant. 

The same property enables the specific heat ratio % to be found 
for any gas (not necessarily a perfect gas). This can be done in 
many ways, one of the simplest in principle being by determining 
the velocity of sound waves (a) in the gas, which, by the theory of 

sound, is given by a 2 = — v 2 \~-\ • If the value of (-— J is found by 

experiments on the compression of the gas (Boyle's Law not being 
necessarily assumed) v. is at once obtained. For most ordinary gases 
such as air or hydrogen z=l-40 approximately, a result partly 
justified by the Kinetic Theory. 

122. Thermodynamic Potentials. To find the entropy, energy and 
thermodynamic potentials per unit mass of a perfect gas satisfying 
Clausius 1 Law we have 
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7 da dT , dv 

dT , -r>dv 

(159) . ' • s = ?>, log T + B log t? + s 

where s is the arbitrary constant of integration. 
Again 

- y.T + w - T(y. log T + J? log v + s ) 

(160) = r , T(l - log T) - BT log « + fi^— Ts 
similarly 

which when expressed in terms of T and p only becomes 

(161) \ p = y p T(l - log T) + BTlogp + m - Ttf 

where the constant 6 is equal to s Q + B log 2?. 

It is to be noticed that the expressions for the entropy in terms 
of pressure and temperature or pressure and volume are 

(162) s-y p lo S T-Blogp + 6 , 

(163) s = y, log j) + ft, log i> + £ , 

where 

So = s o - 7v log B=a Q -y p log v. 

Finally the thermodynamic potential f,„, which is the energy 

expressed in terms of the volume and entropy, is given (for unit 

mass) by 

i_ 
( € *—'o\Y 

(164) l v = u = y p [— B ~J +u 

123. Case of a gas rushing into a vacuum. Joule's Law, as stated 
in § 111 was originally proved by the following experiment, due to 
Joule: Two vessels V 1 and V" were taken, one V containing air 
and the other V n exhausted. They were connected by a stopcock 
and immersed in a reservoir of water. On opening the stopcock gas 
rushed from V 1 into V" till the pressure was equal in the two 
vessels, and it was found (though later experiments showed the result 
to be only approximate) that no change of temperature occurred in 
the water. Hence (a) the temperature of the gas was unaltered, and 
(b) no heat was absorbed or emitted by the gas, so that no energy 
either in the form' of work or heat passed in or out of the whole 
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space V + V". The whole energy of the gas when at volume V r 
was therefore equal to its whole energy at volume V ! + V n at the 
same temperature, and hence the energy of a given mass of gas at 
given temperature was independent of the volume. Taking the expression 

du = (l v — p)dv + y v dT 

this gives l v = p as in § 112. 

The relation between the increase of entropy due to the irre- 
versible expansion and the quantity of energy rendered unavailable 
is readily verified. Taking a unit mass of gas and putting v x for V\ 
v 2 for V 1 + V !! , the work of expansion at temperature T 

=» f pdv = / dv = BT(log v 2 — log v t ). 

This energy is all converted into a form which is unavailable at 
temperature T, and is equal (as it should be) to T times the increase 
of entropy, the latter increase being, by (159) 

JB(log v 2 - log v t ). 

124. Gas mixtures. The definitions of a perfect gas in § 118 
define only the properties of a single gas. Consistently with these 
definitions and in view of the fact that a perfect gas is a purely 
hypothetical substance, we might assume the mixing of two or more 
gases to obey any laws we chose to assume, but the investigation 
would be uninteresting unless (a) the laws were of the simplest 
possible kind, and (b) they were verified at any rate approximately in 
the case of actual gases. 

In order that two gases may be mixed gradually, and without any 
accompanying mechanical or thermal effects, they must be first brought 
to the same temperature and pressure, and on communication being 
made between the vessels the mixture will take place slowly by diffusion. 
Experience with common gases then shows that, approximately, the 
temperature and pressure are unaltered by the process of diffusion, 
and therefore we assume the following as one definition of a mixture 
of perfect gases: 

When tivo or more gases mix slowly by diffusion at a given 
temperature and pressure, their volume remains constant and no heat is 
absorbed or given out. 

A corollary of this assumption is known as Dalton's law and 
states that: The pressure of a mixture of gases at volume V and 
temperature T is the sum of the partial pressures which the various 
constituent parts ivould separately produce if enclosed in a volume V at 
temperature T. 
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For if V and V n are the total volumes of the two parts before 
mixing at temperature T and pressure p, the pressures which the 
parts would have at the same temperature and at volume V equal to 
V' + V" would by the Boyle Mariotte Law be 

*> V ' and -JSTLjl 



yr _j_ yn — y> + yn 

and the sum of these is equal to p. 

Let m\ m n , ... be the masses of the different components entering 
into a unit mass of the mixture. In the case of a mixture of two 
gases only we may write m 1 = x, m"= 1 — x. Let accented letters 
such as v ! and v n denote the volumes per unit mass, and other thermo- 
dynamic quantities of the gases before mixing, and let unaccented 
letters refer to a unit mass of the mixture. Then if the mixing takes 
place at temperature T and pressure p 

pv'-B'T, pv" = B"T 

and 

v = w V + m'V = xv' + (1 — x)v f! . 
Hence 

pv *= xpv' + (1 — x)pv" 

(165) . -xB'T+(l-x)B"T. 
Hence the constant B for the mixture is given by 

(166) B = xB 1 + (1 - x)B". 

We now assume that the total energy of the gases is unaltered 

by mixing, i. e. that , , ,+ N „ 

J °' u = xu' + (1 — x)u". 

Employing the expression u = y 1 + n (157), an( i remembering 
that the last result is true for all values of T, we have 

(167) n = xuj + (1 - s)t* ", 

(168) y.=xy 9 ' + (l-x)y 9 " 
and in virtue of (156) 

(169) v , - xy ; + (1 - x) r » 

whence the whole heat capacity of the mixture either at constant pressure 
or at constant volume is the sum of the ivhole heat capacities of the parts 
before mixing. 

Substituting in the expression for the entropy in terms of pressure 
and temperature, we have 

(170) s -, {xyj + (1 - z) r ,"} log T - {xB' + (1 - x)B") logp + a , 

that is the whole entropy of the mixture can only differ by a constant 
from the sum of the ivhole entropies of the parts before mixing. The 
constant difference C is given by 

(171) C-<t -{x<t '+(l -*)<)■ 
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From the laws of thermodynamics, this difference cannot be 
negative. As two gases at equal pressure and temperature in general 
tend to mix by diffusion, not to separate, the process of diffusion is 
irreversible, and we cannot ascertain at the present stage whether 
the change of entropy G vanishes or is positive. In order that any 
definite conclusions may be found it is necessary that the gases should 
be capable of being separated as well as mixed by reversible methods. 
Id the case of actual gases the separation may be effected by lique- 
fying one of the components or by placing the mixture in the presence 
of a liquid which readily absorbs one component but not the other. 
What we have shown is that if an increase of entropy takes place on 
mixing , this change is independent of the temperature and pressure at 
which mixing talces place. 

This conclusion is justified by the folio wing general reasoning: 
It comes to the same thing whether we allow the gases to mix at 
temperature T t and pressure p ly or first alter their temperature and 
pressure to T 2J p. 2) then let them mix and finally bring the mixture 
back to T l9 p v 

It is further to be observed that as the thermodynamic phenomena 
presented by a given system are unaffected by the values of the 
integration constants in its energy and entropy, the value of the 
constant C does not affect any transformations which are unaccompanied 
by mixing or separation of the gases. 

125. Substituting in the formula for the thermodynamic poten- 
tial fp, this is given in terms of the corresponding potentials of the 
separate components at the same temperature and pressure by 

subject to the condition p =p' = p n . 

If we require the entropy as a function of v and T or the 
therm odynamical potential \ v the best way is to express s for the 
mixture in terms of 6 in equations (159, 160) which become 

(172) S = r ,logT+J51og(-|) + tf 0J 

(173) f, = y.T(l - log T) - BT log (J) + u - Tt . 

The corresponding expressions for the components are of course 
of the same form with accented letters. The condition of equal pressure 
for the mixture and components is given by 



(174) 



V V' _ V 
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If this condition is satisfied we have undoubtedly 

(175) f.-ajy+Cl-aOV'-CT 

a relation connecting the thermodynamic potentials f of the mixture 
with those of its components at the same pressure. 

126. Physical evidence as to the value of the constant C. 

(a) From liquefaction of one of the components. We assume the 
following law as based on experiment: 

When a liquid or solid is in contact with its vapour at any 
given temperature, and the vapour is mixed with other gases, the 
partial pressure of the vapour is the same as if the other gases 
were absent. 

Thus if a vessel contains air and water at a given temperature, 
the partial pressure of the water vapour mixed with the air is the 
same as the pressure of the vapour in contact with the water would 
be if the air were exhausted. The actual pressure in the mixture is 
the sum of the partial pressures of the air and the vapour. The 
density of the vapour is the same in both cases. 

Now let there be a mixture of two gases G 1} G 2 , of which G x 
is more readily liquefied than 6f 2 , and let the original whole volume 
of the mixture be V. 

Let the mixture be cooled till the components separate out in 
the liquid form, one liquefying before the other and the two being 
kept separated. Let the components be then evaporated in separate 
vessels. Then in the course of evaporation the partial pressures p x 
and p 2 of the component gases at any temperature T are the same 
functions of T in the separated gases as in the mixture. 

Assume further that the volumes of the liquids are negligible by 
comparison with those of their vapours. 

Then the work done in compressing the mixture at any temperature 
will be equal to the works of expansion of the parts at the same 
temperature, if the volume of each part is equal to the previous 
volume of the mixture, as is evident from the relation (p x + p^)dV 
^p x dV+p 2 dV. Again, assuming the constancy of the specific heats, 
the heat given out in cooling the mixture by an amount dT is equal 
to the heat absorbed in raising the components through the same 
temperature interval. 

Assume further that the latent heat of evaporation of either component 
is unaffected by the presence or absence of the other. 

Then, if the separate constituents be finally each brought to 
volume V } the entropy changes in the processes of expansion will 
exactly balance those in the processes of condensation, and the whole 
process will be perfectly reversible and we conclude that: 
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The whole entropy of a mixture of gases at temperature T 
and volume V is equal to the sum of the whole entropies of the 
separate components at the same temperature and whole volume V. 

Remembering that when the gases were allowed to mix by 
diffusion, the pressures of the components were equal to that of the 
mixture ; and the whole volumes V, V" were together equal to the 
volume of the mixture we see that: 

When two gases at equal temperature and pressure mix by 
diffusion, the loss of available energy and consequent gain of entropy 
is the same as would occur if each component tvere to expand by rushing 
into a vacuum till it occupied the same volume as the mixture. 

(b) From diffusion through a membrane. There are certain 
substances which allow some gases to pass through them more easily 
than others, and these lead to the conception of an ideal substance 
which is pervious to one gas and perfectly impervious to another. 

In this case we make use of the result of experiment, according 
to which: 

When a gas is in equilibrium on the two sides of a membrane 
through which it can pass freely, the partial pressures of the gas are 
the same on both sides, even if the gas is mixed with other gases on 
one side only, so that the total pressures on the two sides are different. 

By means of two ideal membranes, one of which is pervious only 
to one component and the other pervious to the other component we 
could separate or recombine the two gases reversibly without 
expenditure or absorption of work, the volumes of the separated 
gases would then be equal to that of the mixture and the pressures 
of the separated gases would be equal respectively to their partial 
pressures in the mixture We conclude that under these circumstances 
the whole entropy of the mixture would be equal to the sum of those 
of the separated gases. 

127. Corrected Relations between the Potentials. Value of C. 

We now see that the relations between the potentials per unit mass 
of the mixture and its constituents are connected by the relations 

(176) f.-*f.'+'(l-aOf." 

(177) f,-*f; + (l-f)f," 

provided that the ivhole volumes of the mixture and the two components 

are equal. The volumes and pressures per unit mass are then connected 

by the relations , ,, . „ 

J v = xv r = (1 — x)v", 

p _ p' p" 

# " xB' = (l-x)B"' } 

the last necessarily involving the relation, 

P =p' + p", since B = xB 1 + (1 - x)B". 
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It is easily seen that the constant C in the previous equations 
is equal to 

(178) B log B - xB' log xB' - (1 - x)B" log {(1 - x)B v ). 
This may be written 

d79) o - *» lo ^'+jy^i' + (i - *)* io g %% B *r 

and is obviously positive, the arguments of the logarithms both being 
greater than unity. 

* As a matter of fact these formulae are cumbersome to remember, 
and it is much more convenient to remember the statement that 

The whole thermodynamic potential of a gas mixture at given volume 
or pressure is the sum of the corresponding potentials of the components 
at the same temperature and whole volume. 

The same is also true of the whole energy of the gas mixture. 
The energy of a perfect gas depending only on its temperature, it 
makes no difference so far as energy is concerned whether the gases 
are mixed as in § 124 or as in § 126. 

128. Note. The qualitative property that diffusion through a 
membrane may give rise to mechanical effects in the form of diffe- 
rences of -pressure is of course easily verified. Since these differences 
can be utilised for the production of external work, although every- 
thing is at the same temperature, it follows that the separate gases 
possess available energy which is lost when the gases are mixed by 
diffusion ivithout a membrane by the method of § 124. In regard to 
the difficulty of making quantitative experiments, experience does 
warrant the belief that a gas never passes through a membrane 
from a lower to a higher partial pressure even when the pressure of 
another gas would tend to force it through. In evidence of this 
property, Planch quotes his remarkable experiments made at Munich 
in 1883, in which a platinum tube originally containing hydrogen at 
atmospheric pressure was heated till the platinum became permeable 
to hydrogen, and it was found that almost the whole of the contents 
diffused out leaving a high vacuum. 

It is obvious too that the ideal "semi-permeable partition" (so 
called) postulated above would afford the maximum efficiency either 
in separating mixed gases or in obtaining mechanical work from them 
while mixing. Moreover an actual partition or membrane will be the 
less efficient the more its properties differ from the ideal membrane. 
But this difference must be regarded as a peculiarity of the membrane 
and not of the gases, and the entropy changes caused by an imperfectly 
efficient membrane must be regarded as distinct from those necessarily 
associated with the gases themselves. 
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CHAPTER XIII. 

DETERMINATION OP THERMODYNAMICS MAGNITUDES. 

129. Determination of absolute Temperature. Hitherto we have 
regarded absolute temperature, entropy ; energy and thermodynamical 
potentials from a purely theoretical stand -point. We now proceed 
to show that these quantities can be determined experimentally for 
any particular substance. 

The definition of absolute temperature in thermodynamics being a 
purely theoretical one, it remains to be shown that absolute temperatures 
are capable of being determined experimentally. The actual details 
of the experiments belong to the experimental study of heat rather 
than to theoretical thermodynamics; what we have to show is that 
the determinations can be effected by methods that are experimentally 
practicable. 

Most of these methods depend on Clapeyron's equation or its 
analogue, which may be written 

in which it must not be forgotten that the latent heat l^ and coefficient 
l p are referred to the work unit of heat and are obtained from the 
corresponding coefficients referred to the calorie by multiplying by 
the " mechanical equivalent" of the calorie, the determination of which 
was discussed in Chap. II. 

The form of equations (180) indicates the presence of an arbitrary 
constant of integration in the value of log T, giving an arbitrary 
factor in the value of T; corresponding to the fact (§ 28) that the 
thermodynamic definition does not determine the unit or degree of 
absolute temperature but merely the ratio of the absolute temperatures 
of two different states of a substance. 

We have seen in the last chapter that a perfect gas would afford 
a measure of absolute temperature when used either as a constant 
pressure or a constant volume gas thermometer. If therefore an 
actual gas is used in either of these forms the small corrections which 
will have to be supplied to reduce its readings to the absolute scale 
will depend on 

(a) the deviation of the (p, v) equation of its isothernials from 
the Boyle Mariotte Law, 

(b) the deviations from Joule's Law. 

Now the determination of the isothermal equation so far as is 
postulated above does not presuppose a knowledge of the absolute 
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scale, for constancy of temperature can be shown by any thermo- 
meter whatever. If t is the measure of temperature indicated by 
such a thermometer, it is obviously experimentally possible to determine 
for the gas an equation of the form 

(181) ftp, v, t) = 

in which t is a definite but for the present unknown function of the 
absolute temperature T. As an example of the result of such a 
determination we might cite Van der Waals 1 empirical formula in the 
form 

(182) (^ + _£_)(„_&)» ^(T) 

the form of (p(T) being as yet undetermined. 

To determine the deviations from Joule's Law one of the most 
usual methods is that adopted in the classical experiments of Joule 
and Kelvin of which we now proceed to give such details of principle 
as are necessary to understand the theory. 

130. The porous plug experiments. A gas is allowed to flow 
steadily through a tube containing a series of holes or a porous plug 
in traversing which it undergoes a fall of pressure, and a certain 
quantity of mechanical work is done against the friction of the plug, 
the viscosity of the gas etc., the exact nature of such internal 
resistances being immaterial. We thus have a case of irreversible 
conversion of work into heat, and instead of the equations of reversible 
thermodynamics, the modifications of § 112 are applicable. The 
effects observed consist generally speaking in a cooling of the gas 
which can be determined quantitatively in two ways: 

(a) The gas may be kept at its original temperature by enclosing 
the apparatus in a calorimeter, and the quantity of heat absorbed for 
every unit mass of gas that flows through the plug may be measured 
by the calorimeter and finally reduced to work units. 

(b) The pipe and plugs may be enclosed in a non-conducting 
envelope, the gas receiving no heat from without, and the difference 
of temperature on the two sides of the plug may be measured by 
an ordinary thermometer. 

The kinetic energy of the in- and outflowing gas is usually small 
enough to be neglected though, if desired, a correction for this could 
be easily applied. 

(a) Taking the first method, let p lf v x and p 2 , v 2 be the pressure 
and volume of unit mass of the gas before and after passing the 
plug, q the heat which it absorbs from the calorimeter. To form 
an estimate of the external work done in forcing the gas through 
the plug, it may be assumed that moveable pistons are placed in the 
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tube before and behind the ping, by which the pressures on both 
sides are kept constant and the total mass of gas also kept constant. 
When a unit mass of gas flows through the plug work p x v x is done 
in pushing in the back piston, and work p 2 v 2 is done by the issuing 
gas in pushing the back piston out, hence energy p 1 v 1 —p 2 v 2 is 
supplied from without in this way. Moreover, energy q is supplied 
from the calorimeter. Hence the total quantity of energy supplied 
from without is p^v 1 — p 2 v 2 + q. At -the end of the process the only 
visible result is that there is a unit mass less of gas at the back 
and a unit mass more gas at the front of the plug.- Moreover the 
flow being steady, the energy of every unit mass at the back of the 
plug always remains the same, and the energy of every unit mass 
in front of the plug always remains the same. The principle of 
conservation of energy now leads to the inevitable conclusion 1 ) that 
the intrinsic energies of the unit mass in front and the unit mass 
behind the plug must differ by an amount given by 

(183) u 2 — u x = p t v ± — p 2 v 2 + q. 

Again, the intrinsic energy of a gas depends only on its actual 
state, and the initial and final temperatures are equal. Hence the 
change of energy u 2 — u ± must be the same as in an isothermal 
reversible transformation between the same two states. By the formula 

du = y v &T + (l v — p)dv 

= Y P dT + l p dp — pdv 
we get therefore 

(184) u 2 — ^ = ( lQv — p)dv) =>[ I l p dp— I pdv ). 
Substituting in (183) we obtain the two forms 

(185) q = (p 2 v 2 - p t v t ) +JQ»- p)dv 9 

(186) q=J(l P +v)dp • J(lp+ v)dp. 

Pi Pi 

For a perfect gas p^v 2 = p x v l} l v =p, l p =* — v } whence 

(187) • 2 = 0, 



1) This conclusion could easily be verified by assuming any simple law of 
frictional resistance in passing through the tube, remembering to add in a 
quantity of heat equal to the work lost in overcoming friction. 

BRYAN, Thermodynamics. q 
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hence for ordinary gases q is small. Taking (186) we have on 
differentiation (remembering p x > p 2 ) 

(188) *£-_&+,) 

where -p- measures the "cooling effect" expressed as the ratio of 

the absorbed heat to the fall of pressure when the latter is small. 
Calling this quantity % we have by (124) 

( 189 ) , Uft),— + * 

or 

(190) Uio g t^J^\ 

V J I & ^ + £ J p const. 

If for any given pressure p, the coefficient % has been determined 
as a function of v, the above equation when integrated between 
suitable limits will give the ratio of the absolute temperatures corre- 
sponding to any two volumes of the gas contained in a constant 
pressure gas thermometer. As % is small compared with v, various 
approximate methods can be adopted according to the particular case 
considered. Thus if between certain limits % may be taken to be 
constant, the integral of the equation between these limits is of the form 

(191) Tocv + x- 

But if t is the temperature in a constant pressure gas thermometer 

t oc v 
and if we suppose t = yiv, equation (191) shows that the absolute 
zero is below the zero of gas temperature by an amount \i% or x 

In like manner taking equation (185) we have 



or 



-p. 



nQ oN dq d(pv) / dp \ 

^ iy ^ dv ~~ dv ~ + \d log TJ 

This equation might be used to find the corrections to the readings 
of a constant volume gas thermometer, but it will be seen that the 

correction depends on two terms, one — -; representing the "cooling 

effect", and the other -■■,■ ■■> representing the deviations from Boyle's 

Law, and both these terms may be equally important. 
If the gas neither gains nor loses heat we have 

(194) u 2 — % = p 1 v 1 — p 2 v 2 

whence the transformation satisfies the condition u + pv = constant 
or £5, = constant. 
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But 

du = <y p dT + l p dp — pdv 

hence substituting we have 

(195) J{?pdT+ Q p +v)dp} = 

or for a small change of state 

(196) y p dT=-(l p +v)dp. 

To avoid introducing absolute temperature the left hand side 
may be put equal to c p dt, where dt is the observed change of 
temperature on the scale of the thermometer used in the experiment, 
and c p the specific heat at constant pressure referred to the same 
scale. Moreover if c p dt is now put equal to dq, dq will represent the 
heat which would have to be taken from a calorimeter to bring the 

gas back to its original temperature, and hence if -p- be put equal 

to %, this is the same measure of the cooling effect as in the previous 
case. In other words, cooling effect takes the form of a fall of 
temperature in the gas itself instead of an absorption of heat from 
the calorimeter, and the method is practically the same. A difference 
would of course exist between the two cases if the change of temperature 
were considerable. 

131. Comparison with the case of a gas rushing into a vacuum. 

It is to be observed that while the porous plug experiment gives 
the correction for the constant pressure gas thermometer, Joule's original 
experiment of a gas rushing into vacuum gives the correction for the 
constant volume thermometer. In that experiment the energy remains 
constant hence 

(197) y v dT+Q 9 -p)av~0. 
Writing 

y«dT c„dt 

(198) / = - ^— = - 4— 
v J '" dv dv 

%' affords a measure of the cooling effect and the equation becomes 

With this method the correction for the constant pressure thermo- 
meter would contain terms depending on the deviations from Boyle's 
Law, which could not be neglected. 

132. Inversion of the porous ping effect. It will be noticed that 
the cooling effect % vanishes if 



/ dv \ fdv\ v 

{dT^r)r v or (dith-W 
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If we assume as our known data, the (jp ; v, T) equation of a gas, 
and take any two of these variables as coordinates of a point in a 
plane, the present equation determines a curve in that plane which 
may be called the curve of inversion. This curve separates those 
states in which the cooling effect is positive from those in which it 
is negative. If we take v and T as our independent variables, the 
curve of inversion is obviously the locus of the points of contact of 
tangents drawn from the origin to the family of curves p = constant. 

Secondly if the curve of inversion be determined experimentally 
the data may be utilised in determining the (jp, v, T) equation of 
the gas. 

Thirdly if the (p, v, t) equation of the gas referred to any arbitrary 
scale of temperature and its curve of inversion are known, we have 
sufficient data for comparing the assumed scale of temperature with 
the absolute scale. This method would really constitute a "null 
method" of determining absolute temperature since it depends on the 
vanishing of the cooling effect and not on determinations of its amount. 

133. Determination of Entropy, Energy and Tkermodynainical 
Potentials. The scale of absolute temperature having now been fixed, 
it follows that temperatures may be measured on any thermometer 
and reduced to absolute measure. It now remains to show how the 
entropy, energy, and thermodynamic potentials of a substance (which 
we take to be a simple system such as a gas or liquid) can be 
expressed in terms of quantities which can be experimentally determined. 

Substituting from (123, 124) the values of l p and l v in the diffe- 
rentials of the entropy and energy we obtain on integration from state 
(jPo* v o> T o) "to state (p u v 1} T t ): 



With v and T as variables 



u i — u o 



-J i» dT + ( T §T -*)*>)■ 



With ]), T as variables 
Po7t 

K+jpi*i)- K+iW 

Pi,Ti 



*— -]%*'-<&).*] 



-J\r,dT + (p-T°l)d P ). 

po,T 

Now the changes of entropy and energy depend only on the 
initial and final states, hence we may perform the integration along 
any path representing a continuous series of transformations from 
the initial to the final states. Thus 

(1) Taking v and T as variables we may integrate keeping 
v *= v from T = T to T = T 1 and then integrate keeping T = T x 
from v = v to v = v t . We thus obtain 
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(200) Sl - So = (jW) +(M)*') > 

(201) u 1 -u =(fy v dTj +(j{r%L-p)dv 

(2) Similarly with p and T as variables keeping first p and then 
T constant, we have 

(208) »-»„-(/%«■) + (/(&)«, 




r=T! 



(204) 



(wx+i^O-K + l^o) 



and an expression for f ft — f Po closely analogous to (202). 

Now we may choose the state p Q v T to he a standard state of 
the system with which other states are compared. The corresponding 
values of s u will be undetermined and will represent the unknown 
constants of integration which necessarily occur in the expressions 
for the entropy and energy of a system, and the above equations 
will then give the entropy and energy in any other state represented 
by the suffix 1. 

On examination of the integrals we see that 

In order that the entropy, energy, and thermodynamic potentials of 
a simple system may be determined far every possible state of that 
system, it is sufficient to know 

(1) The p, v, T equation of the system, 
and either 

(2 a) The relation connecting the specific heat y v with the absolute 
temperature T when the specific volume remains constant and equal to v Q , 
or 

(2 b) The relation connecting the specific heat y p with the absolute 
temperature T when the pressure remains constant and equal to p Q . 

We notice, moreover, that the entropy, energy, and thermodynamic 
potentials of a simple system can each be expressed as the sum of two 
terms, one a function of v and T, or p and T determined completely 
by the form of the (p, v, T) equation, and the other a function of T alone, 
depending on the expression for the specific heat 
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134. Geometrical Interpretations. Taking for example v and T 
as variables and representing them as the coordinates of a point in 
a plane, the first of. these conditions may be stated as follows: 

In order that the thermodynamic properties of a simple system 
may be completely defined within any assigned limits of volume and 
temperature, it is necessary and sufficient that 

(1) The pressure should be known at all points of the (v, T) 
plane within the assigned limits. 

(2) The specific heat y v should be known at all points lying 
along a straight line v = constant (= v Q , say) lying within the assigned 
limits. 

The values of y v along any other line v = v t are completely 
determined by the assumed data. They are most easily deduced from 
the equation 

( d J±\ - r(^\ 
\dv/ T ~ \dT*) 9 

which gives on integration along a line of constant temperature T=T X 

(205) y,^) - y.^T,) = T t ( f{ff»\dv ) 

and conversely, if we know y v at all points of the region considered 
we should know -^pi an( ^ ^ us obtain a check on the correctness of 
our assumed expression for p in terms of v and T. 

Exactly analogous results hold good if p and T are chosen as 
independent variables and as coordinates. The latter choice possesses 
an obvious advantage in the convenience of determining specific heats 
at a constant standard atmospheric pressure. 

135. Advantages of a choice of method. It will thus be seen 
that the data which are necessary and sufficient to determine the thermo- 
dynamic properties of a substance fall considerably short of those 
which are capable of being determined experimentally with greater 
or less accuracy. A complete discussion of the advantages and 
disadvantages of different methods belongs to the study of experimental 
heat and would be out of place here. It will be sufficient to point 
out that the possibilities thus opened up have two important advantages 

(1) by enabling those methods to be adopted which are best 
adapted for accurate experimental observations, 

(2) by enabling the same results to be obtained by different 
methods, thus affording a check on the accuracy of the various 
observations. 
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As an instance, of how to put the above results into practical form, 
we .should notice in the expressions for the energy -differences that 

/ y v dT and / y p dT represent the total quantities of heat required 

to raise the temperature from T to T x at volume v and pressure p . 
Moreover the entropy difference s ± — s could be obtained by starting 
with the substance in the state (j) 1} v 17 T t ) allowing it to expand 
reversibly and adiabatically till its temperature was T Q and then 
cooling at constant temperature T till its volume and pressure were 
v and jp Q . The quantity of heat given out in the last transformation 
when divided by T would give the required entropy difference. 

136. Illustrative Example. Consider a gas which obeys van der 
Waals' Equation 

(p + ~)(v-b) = ST 
where a, h, B are constants. We obtain 



dp B 

dT v-b' 


d*P o T dp 
dT % ~ > dT 


a 


It follows that 


dy„ 

— = 
dv U > 





y t = function of T only and 

(206) s -fy. ^- + Blog(v-b) + constant C lf 

(207) u =jYv dT--* + constant C, , 

(208) f. -fy,dT - TJ^dT - ^BT log (v - I) + C 2 - C t T 

but owing to the fact that the (p, v, T) equation is a cubic in v, the 
expression for \ p in terms of p and T could not be given in a 
simple form. 
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CHAPTER XIV. 

CHANGES OF STATE OF AGGREGATION. 

137. Phenomena deducible from the van der Waals' Equation. 

We shall now show how, by assigning suitable forms to the (p, v, T) 
equation of a working substance, the phenomena of liquefaction of 
gases and of the critical point can be represented analytically. 

We start by supposing the substance to obey van der Waals* 
empirical equation , 

a relation satisfied to a considerable degree of approximation by most 
gases. We suppose the family of isothermal curves T = constant 
represented taking p and v as rectangular coordinates. 
Writing this as a cubic equation in v 

(209) ^-fr + S /)^+7«-y = 

we see that the horizontal 
line p = constant will cut 
the isothermal T = constant 
in 3 or 1 real points accor- 
ding .as the cubic has 3 or 
1 real roots. In the former 
case, there would theoreti- 
cally be three possible states 
at the given pressure and 
temperature corresponding to 
the points A, B, G (Fig. 17). 
But at B where the curve 

is ascending we have (■£■) 

positive, hence (§ 92) the 
state B would be unstable, 
the effect of any slight devi- 
ation from uniform density 
being to cause the substance 
to flow from the points of 
lesser to those of greater den- 
sity, and thus to separate into 
two stable phases represented 

by points on the descending parts of the curve. 

It follows that if the isothermal line cuts any horizontal line in 

3 real points, the substance, instead of following the curve in an 








Fig. 17. 
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A 



J3 



isothermal transformation, must undergo a discontinuous change of 
state, from the branch AD to the branch EC, while if the curve 
continually descends towards the axis p =» as v increases no such 
discontinuous change is pos- 
sible. In the former case the 
sudden change reproduces the 
phenomena of liquefaction, in 
the latter case we have a 
perfectly continuous trans- 
formation similar to that ob- 
served when a gas is com- 
pressed at a temperature 
above its critical temperature 
(Chap. I § 20). 

The discontinuous trans- 
formation just vanishes when 
the isothermal line has a 
point of inflexion with a hori- 
zontal tangent. This point 
of inflexion is the critical 
point, and its coordinates 
determine the critical pres- 
sure, volume, and temperature 
which we denote by p c v c T c . 

At this point the cubic (209) has three equal roots each equal 



:B 



\0 



v# 







Fig. 18 (after Clausius). 



to v c , hence 

giving 
(210) 
conversely 
(211) 






v c = 36, p c 



3W 



27& 2 



»3 = 



ab 



T c = 



Sa 
2TBb 



h = v 4> 



3p c v c 2 , B = — -^ 



whence a, 6, B can be determined if the critical pressure, volume, 
and temperature are known. 

138. Properties peculiar to van der Waals' Equation. It will 
be observed in the first place that if different gases obey van der 
Waals' formula, their critical points must all satisfy the common 

relati0n „ 8 P C *< 

Let 7t, v, & be the ratios of the pressure, volume, and temperature 
of the gas in any state to their critical values; these, which are called 
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the "reduced" pressure, volume, and temperature, will be the measures 
of these quantities taking their critical values for the particular gas 
considered to be the units. Then van der Waals' equation assumes 
the form 

(212) (* + i)(*-j)=i* 
or 

(213) 3itv s - + 8&)v 2 + 9v - 3 = 0. 

This equation is independent of the gas considered and it follows 
that according to van der Waals' Law the isothermal curves of 
different gases are the same family of curves and differ only in the 
horizontal and vertical scales representing the pressure and volume. 

139. Critical phenomena for other (p, v, T) eqnations. The 

general arguments of the last article but one as to the existence of 
discontinuous changes of state and critical points are not peculiar to 
van der Waals' Equation but lead to the following general conclusions: 

(1) If for certain values of p, T r say p u T l7 the (p, v, T) 
equation of a substance when solved for v has three real roots, then 
when the substance is compressed or allowed to expand at temperature 
T x a discontinuous change of state must occur somewhere. 

(2) If for some other value of T X7 say T 2f two of the roots 
remain imaginary for all values of p 7 the initial and final states 
corresponding to the discontinuous change can be connected by a 
continuous series of transformations by suitable changes of temperature. 

(3) In this case a critical point will exist and will be determined 
by making three roots of the (pvT) transformation all equal. 

(4) If the critical volume, pressure and temperature are known, 
we have three equations to determine the constants in the p, v, T 
equation of the gas. 

For convenient reference we subjoin the following list of empirical 
equations that have been proposed by different physicists as representing 
approximately the (pvT) equations of imperfect gases. But of these 
it will be seen that the first three fail to account for liquefaction 
or critical phenomena; they have now been superseded, and are chiefly 
of historic interest 

(214) pv = BT-^ (EanMne 1 ) 

(215) ^- - B - fP {Joule & Thomson 2 ) 

(216) pv ^BT(l-^) (Begnault) 
1) Phil. Trans. 1854. 2) Phil. Trans. 1862. 



VARIOUS EQUATIONS OF GASES. 139 

where B T is a function of T ; found to vary directly as the absolute 
temperature, and inversely as the pressure of saturated vapour at that 
temperature. 

( 217 ) [P + T(v + B)* } ( V ~ a ) = BT ( Clausius *), 

(218) P^B{l + ^}T + ^- y -^ { Tain 

(219) p + -LI / v ~ h] - ** (Amagat-). 

Finally Dr. Kamerlingh Onnes*) has abandoned the attempt to 
express the _p, v, # equation of a gas in a finite form, and has 
adopted infinite series involving negative powers of v. 

If Clausius' Equation be assumed, the critical point is given by 

(220) v c = 3a + 2B, T*- ** > V? 



2T(cc + B)B' ^ 2U(cc + B) 2 
giving conversely 

BT 3JBT 27B 2 T* 

(221) «-*.-^, a-^-*, o--^. 

With the virial equation of Tait the critical point is given by 
A-BeT c Q A-BeT c q 

whence 

(223) A-BeT.- P ^*±2-, C , g «C". + r)' 
and it is also found that 

(224) 3t; fl +« + y-^ 

while by substitution the (^>, t;, T) equation becomes 

(225) p-p.[l- (rp* ) + Jg(l+ ' ^' 

involving seven constants p c , v c , T c , a, y, e, B, connected by the 
single relation (225). 

1) Wied. Ann. 1880. Phil. Mag. 1880. 

2) Foundations of the Kinetic Theory of Gases, Trans. R.S.E. 

3) Journal de Physique, July 1899. 

4) Leiden, Communications, 71. 
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140. Conditions of phase equilibrium. When two different phases 
of the same substance are iu equilibrium with each other their 
pressures and temperatures are obviously equal, and we shall now 
show that the thermodynamic potentials \ p of a unit mass in the 
two phases are also equal. 

Let v 1 , s', u', y be the volume, entropy, energy, and potential at 
given pressure per unit mass in one phase, say the higher phase (Chap. I, 
§ 15), v 11 , s", u! 1 , y the corresponding quantities for the other phase. 
Then if a mass m passes from the first to the second phase by a 
reversible transformation at temperature T and pressure p the quantity 
of heat absorbed is mT(s n — s'), the work done by expansion is 
mp(v n — v ! ) and the increase of energy is m(u n — u ! ). Hence by 
conservation of energy 

(226) u" -u' = T(s" - s ! ) -p(v" - v ! ) 
i. e. 

(227) u" - Ts" + pv" = u' - Ts' + pv' 
or 

(228) , y=y. 

The same conclusion can be put into a more general form by 
considering the expression for the available energy of the complex 
when subjected to the condition of constant pressure and temperature. 
If m ! and m n are the masses of the substance in the two phases this 
available energy is by § 90 given by 

(229) A = m%''+m%". 

If y > y A may be decreased by the transformation of part 
of the complex from the higher to the lower phase, and therefore 
this transformation will tend to take place and will be irreversible. 
Similarly if \J < \ p " a transformation from the lower to the higher 
phase will tend to take place and will be irreversible. 

The former case represents an instance of what is called a 
supersaturated complex, the latter of an unsaturated complex. For 
equilibrium we must have \J = \J * and the complex is then saturated 

(§ 15). 

At the same time in an ordinary supersaturated or unsaturated 
complex, such as occurs with water and steam, when condensation 
or evaporation is taking place, the temperature is not necessarily 
uniform, nor is the pressure quite uniform when the parts are in 
rapid motion as when water is being boiled briskly. In no case 
does equilibrium exist except when p, T, \ p are the same throughout 
the complex. 

The thermodynamic potential f^ involves two integration constants, 
one multiplied by T. But if the two phases can be connected by a 
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continuous series of transformations by passing above the critical 
temperature, these constants will be eliminated when we take the 
difference y — \J at the same temperature and will not affect the 
form of the equilibrium equation y = \J. 

This equation will therefore be a determinate equation in p and 
T, and if p and T be the coordinates of a point in a plane, the 
locus of the equation will be a curve in the {p, T) plane which is 
called the curve of saturation. By means of the (p, v } T) equation of 
the substance the corresponding curve of saturation can be transferred 
to the coordinates v, T or p, v. 

141. Application to van der Waals' Equation. If the substance 
obeys van der Waals' Equation we have by § 116 

f*= f. +pv - fy*dT- T fed! 

(230) J J l 

_ ± _ j5Tlog (*-&) + 0,-CtT + pv. 

Here y v is a function of T alone. It is not impossible to 
conceive a substance where y v is a different function of T in' the 
liquid and gaseous phases provided that is the same function of T 
for all values of v above the critical temperature. The following 
arguments would fail in such a case, we assume that y v is the same 
function of T in both. The equation y = y then gives 

(231) P y - v") = £ - £ + BT log g£* . 

This equation involves the two volumes v\ V which are the 
greatest and least roots of the cubic (209), hence the elimination leads 
to a very cumbersome equation in (p, v) for the border curve. But 
writing the (p } v, T) equation in the form 

(232) P-^h 

and assuming it to hold good for all values of p } v, T whether corre- 
sponding to possible states of the substance or not, the area of the 
curve T = constant from v = v ! to v = v n in the plane of (p, v) is 
equal to the right hand side, whereas the left hand side represents 
the corresponding area cut off by the line p = constant between the 
same ordinates. We have thus the following rule: Draw the isothermal 
curve for T, in the (p, v) plane and dratv a horizontal line crossing it 
in such a position that the areas of the segments thus intercepted on the 
isothermal above and bdow this line are equal (Fig. 18). 
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Then the points of intersection of this horizontal line tvith the 
isothermal will give the volumes and pressure at ivhich change of phase 
occurs at temperature T. 

The transformation will thus be represented by the horizontal 
line ABC instead of the curved line AD BEG but the area swept 
out by the ordinate will be the same for both. 

142. Extension of the Rule of Equal Areas. The same rule has 
been employed to fix the position of the horizontal lines in the (p, v) 
diagram of the isothermals in other cases than that afforded by van 
der Waals* Equation. Its generalisation is open to the objection that 
since the ascending parts of the isothermals represent unstable and 
therefore physically impossible states of the substance, no experimental 
data are available for tracing them, and it is clear that if these parts 
are merely filled in by drawing, the areas which they intercept on a 
horizontal line are perfectly arbitrary. We may get over the difficulty 
by stating the rule in the following form. 

Let p and y c be two functions of v and T connected by the 
differential equation 

(233) 37 = T WY> 

which are equal to the pressure and specific heat at constant volume 
of the substance over regions representing physically possible states, 
and which remain finite, single ' valued and continuous over the 
intermediate (or "unstable") region. Let the values of p for constant 
J 1 be plotted in the (p, v) plane thus joining up the corresponding 
isothermals. 

Then "the horizontal line which intercepts segments of equal area 
on one of these curves will determine the points at which change of 
phase takes place. 

Proof. From the above differential equation 

y,dT+(T$%-p)dv and 7 -LdT+§?dv 

are perfect differentials throughout the whole region, therefore their 
integrals are the same taken along every curve joining the same two 
points in the (y, T) plane. 

If the initial and final points represent physically possible states 
of the substance, the integrals must therefore represent the corre- 
sponding differences of energy and entropy respectively, whether the 
intermediate path passes through physically possible states only or 
not. We may therefore integrate across the unstable region along 
the path T *=» constant and get 
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(234) »'-»"-[j(T$%-p)A^> 5 '-*'' = (/|f^)> 

(235) • * • y - f." = (- fpdvj ~-A 

where A is the area of the isothermal between v n and v\ 
The condition of phase equilibrium is 

(236) = y - V = (f,' + pv') - (f," + pv") 
or 

(237) = -A+p(v'-v") 

which is the rule of equal areas. 

Example. Thus if Clausius' equation (217) be assumed equation 
(233) gives on integration 

7v " T*(v + B) + K T ^ 

and if f(T) is the same function of T in the liquid and gaseous 
states Clausius , equation may be assumed to hold across the gap 
separating the two states, and the rule becomes applicable and gives 

/ooo\ BT 1 v' — a c 

( 238 ) P ~ w^r* lo S : 



-a T(v' + B)(v" + B) 

where v 1 and v" are the greatest and least roots of Clausius' equation 
when written as a cubic in v. 



143. Metastable and essentially stable states. It is to be observed 
that the descending portions of the isothermal curves beyond the 
horizontal line may represent states of the substance which are 
physically possible if it exists only in one phase. Thus if \J > y 
the substance may exist in equilibrium in the higher phase if the 
lower phase is completely absent, but the presence of any quantity, 
however small, of the lower phase will destroy the equilibrium, and 
any disturbance may cause the substance to pass more or less suddenly 
into the lower phase. Such cases have been realised experimentally. 
This result does not of course apply to the ascending parts of the 
isothermal. 

We may speak of the states in which f^ is least as being essentially 
stable } to distinguish them from states which are only stable for 
continuous variations and whose equilibrium may be broken by a 
discontinuous change of phase. The latter are called metastable. 
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144. The Triple Point. The conditions of phase equilibrium 
when applied to a substance capable of existing in three different 
phases (as exemplified by the solid ; liquid and gaseous states of 
matter) , determine the phenomenon of the triple point (Chap. I § 18). 

For if y, y' ; y represent the potentials of the three phases 
expressed as functions of p and T, the condition of simultaneous 
equilibrium of the phases gives 



(239) 



\p — \p — )p 



We have thus two simultaneous equations which when solved give 
one or more values of p and T. This value or values are therefore 
finite in number. 

A triple line could not in general exist, even if, owing to the 
peculiar forms of the potentials the two equations derived from (239) 
were not independent. For at points on either side of this line in 
the p } T plane , equilibrium would only be essentially stable in the 
phase for which [ p was least (§ 140) and there could be only one 
phase on either side of the line satisfying this condition. An exception 
might occur if the potentials of two phases were equal over a finite 
area on one side of the line but the phases would then be thermo- 
dynamically identical. 

If f/ ; y, y are the potentials of water in the gaseous, liquid 
and solid states, the p, T curves 



(240) 



f/ = y f/ = y and \<»=\i 



are the so-called steam line, ice Urn, and hoar-frost line. 

The three curves 
all pass through the 
triple point, but if they 
be produced through 
that point the produced 
parts do not in general 
represent essentially 
stable states of phase- 
equilibrium. 

For if the line 
V == V ^e produced 
through the triple point 

y — y vanishes and 

T in general changes sign 
in passing that point. 
On the side on which 
y and y < y equilibrium will be essentially stable between the 
first and second phases, but on the other side \J and y will be 




3\3">3T ^f% 



Fig. 19. 
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> fp"' and the substance will tend to pass into the third phase as 
the essentially stable condition. 

Thus the three curves determine three regions about the triple 
point, and in the interior of each region only one phase can exist, 
namely, that with the lowest potential. 

145. The Phase Rule for a single substance. When a substance 

can occur in four different phases a quadruple point does not in general 

exist. For equilibrium between four phases would require that the 

equations , , _ - „ _ . ,„ 

\p \p \p 



z ntt 



should be satisfied by the same values of p and T, and as we have 
three equations and only two variables this is in general impossible. 
If the forms of the potentials should happen to be such as to render 
the three equations consistent, a quadruple point would undoubtedly 
be formed, but it would be more correct to regard such a point as 
formed by the coincidence of two, and consequently of four triple 
points. Thus in general not more than three different phases of the 
same substance can coexist at the same pressure and temperature. 

We thus arrive at the conclusions that so long as we are dealing 
with a single substance (1) three different phases can only coexist at 
one or more points in the plane of (p, T), (2) two phases may 
coexist along one or more p 
lines in the (p 7 T) plane, 
(3) one phase can only 
exist at points lying within 
a certain area in the (p, T) 
plane. 

In the first case the 
system is called avariant, 
since neither the pressure 
nor the temperature can 
be varied without reducing 
the number of phases. In 
the second the system is 
called univariant, since 
either p or T may be 
varied if the other of 
these two variables is 
varied so that the point O T 

(p, T) moves along the rig. 20. 

proper line, in the third 

case the system is called iwariant, since either p or T can be 
varied independently provided ' that the point p } T does not pass 

BBYAN, Thermodynamics. -<q 
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out of the region in which the phase considered exists in stable 
equilibrium. 

Sulphur is a case in point. The substance can exist in four 
phases, two solid (monoclinic and rhombic), the liquid phase, and 
the gaseons phase. If the curves of equilibrium between the different 
phases in the (p, T) plane be drawn, as in Fig. 20, it is seen that 
the curves divide the plane of the diagram into 4 regions in which 
the systems are bivariant, bounded by six curves which correspond 
to uni variant systems, the six curves intersecting in four triple points, 
at each of which the system is avariant. 

The generalisations of these conclusions for the case where 
instead of a single substance, we have a number of different substances 
constitute the Phase Mule of Gibbs which is given in the next chapter. 



146. Moutier's Rule. The distribution of the curves in the p y T 
plane in the neighbourhood of a triple point may be found by finding 
where they or their produced directions cut an isothermal line corre- 
sponding to a temperature differing from the triple temperature by 
a small amount AT. If A^) 23 be the corresponding difference of 
pressure along the curve of separation fp" — ^ P ,n = and A# 31 , Aj) 12 
refer to the other curves, we have 

dV 
and two similar equations. Now -—- = v ! the volume of unit mass in 

the state \J, whence on substituting and adding we obtain 

(242) (v" - v'")Ap 23 + (v'" - v') Ai> 81 + (V - v") Apu = 

an equation equivalent to Moutier's three equations of the form 

(243) (Ai> 31 - A^Xt/" - v<) = (Aft, - A Pi3 )(v" - v'). 

If v\ v fl , v ,n are in descending order of magnitude it follows that 
A^ 31 is between A^) 12 an( i APas- Hence Moutier's rule, according to 
which if a horizontal line ( T =± constant) he drawn cutting the three 
curves of transformation or their produced directions near the triple 
point the middle of the three points of section corresponds to the trans- 
formation involving tlie greatest change of volume. 

In like manner if a vertical line (p = constant) be drawn cutting 
the same curves or their produced directions near the triple point 
the middle of the points of section corresponds to the transformation 
involving the greatest change of entropy. 
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147. Properties of a saturated complex of two phases. We shall 
now show how the thermodynamical properties of a complex of two 
phases of the same substance considered as a whole can be expressed 
in terms of those of the substance in the separate phases. 

Let M be the total mass of the complex, X and M — X the 
masses of the portions in the two phases respectively, and let these 
phases be called by way of distinction the first and second phase. 

If we put -jt = x, then x and 1 — x will be defined to be the masses 

of the two phases in a unit mass of the complex, although this is 
of course a mere convention unless the whole mass of the complex 
is unity, because the complex is not homogeneous like a mixture 
of gases but the two phases are quite distinct and separate. 

In the same way if V, TJ, S are the whole volume, energy and 

entropy, we may define -^ ; -^ > -^ as the volume, energy, and entropy 

of unit mass of the complex, these we denote by v, u, s, while we 
use accented letters (y\ ^6 , ,s , )(v f, ,^ f, ,s ,, ) to denote the volume, energy, and 
entropy per unit mass in the first and second phases respectively. 
It will be convenient in understanding what follows to suppose that 
the mass of the complex is actually equal to unity, though this is 
not necessary. 

In the first place we notice that the complex like a simple system 
admits of two independent variations. 

(1) The temperature may be varied without altering the masses 
x, 1 — x of the components. In this case the corresponding variation 
of pressure is determined by the condition of saturation 

\p — \p 
which we shall denote for convenience by the equation 

(244) G(p, T) = 0. 

(2) The composition of the complex may be altered by the trans- 
formation of a quantity dx or A# of matter from the second to the first 
phase — or vice versa, — the temperature, and consequently the pressure 
remaining constant. The volume, energy and entropy will in general 
be altered, and heat will be absorbed or given out. If X A x is the" 
quantity of heat absorbed in the transformation of Ax, whether this 
quantity be small or finite, X will be the latent heat of transformation 
from the second to the first phase (Chap. I § 15). 

The state of the complex is thus defined by the two independent 
variables T and x, and the difference from an ordinary simple system 
is that the equation G(p, T) = takes the place of a relation 
between the three quantities p, v, T. 

10* 
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Since the whole volume, energy, and entropy of the complex are 
respectively equal to the sums of the corresponding whole volumes, 
energies, and entropies of the components we have 

(245) VmmX iJ + (l- x)v", 

(246) u = xu' + (l-x)u", 

(247) s = xs f + (1 - x)s". 

Consider now the effect of the transformation Ax at constant 
temperature T. We have from (245) and (247) 

(248) Av — (v* - v") Ax, As = (s ! - s") Ax 
and from above 

(249) Aq = XAx 
where Aq is the absorbed heat. But 

(250) £-«., f = As 

where ? p is the latent heat of expansion of the complex. 
Hence as in Chap. I § 16 

(251) *.-rrF 
and further 

(252) S '- S " = A. 

Clapeyron's Equation 

(dp\ _ h 
\dTJv T 9 

when taken in conjunction with (251) gives 

( 253 ) dT = (v'-v")T 

where the condition v = constant is no longer required in the expression 

for -j|^; because since the complex is saturated p is a function of T 

alone, and the differential coefficient in question is the same as would 
be obtained from G(p, T) = 0. 

In the above work we have used the symbol A to denote variations 
which may be finite. In the more general case where the temperature 
also varies we are restricted however to infinitesimal changes. We 
now put for the added heat dq 

(254) dq = Xdx + xy f dT+(l -x)y"dT 

where /, y" are the specific heats of the two components in a state 
of saturation. 
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Thus we should have y\ y" connected with the specific heats 
Ypy ?J f a ^ constant pressure and latent heat coefficients lj, 1/ by the 
formulae ,-, , ,, % 

Since -^- is a perfect differential we have 

whence 

(256) |l_A ; = /_ / 

a formula due to Clausius. 

148. Applications. From (253) we see that increase of pressure 
will raise or lower the temperature of transformation according as 
latent heat is absorbed in passing from the state of lesser to that of 
greater specific volume or the reverse. The former is the case with 
water and steam, the latter with ice and water. 

Let us next consider the effects of a sudden adiabatic compression. 
Putting dq = in (254) we have 

(257) = _ t/ti i-, )? ^^ 

and the sign of the coefficient of dp on the right hand side determines 
whether the effect of an increase of pressure will transform part of 
the complex from the second to the first phase or conversely. 

If / and y rt are both positive it is clear that dx and dp will 
be of opposite signs if v' > v ,! and conversely. This means that 
increase of pressure transforms part of the complex from the phase 
of greater to that of less volume. For example, in a saturated complex 
of ice and water compression causes liquefaction. 

If / is negative (as is the case for steam) and y n positive the 
same conclusion holds good if xy f + (1 — x)y tr is positive, but the 
effect is reversed if this expression is negative. It appears that the 
effect will depend on the proportion of the two components, a slight 
adiabatic compression causing transformation to the phase of greater 
or less volume or no change according as 

% < -r- — rj or x > -r 1 — jy or x -- 

y — y ' y' — y ' 

The effect of a small change of temperature at constant volume 
may be discussed by means of the equation v = xv f + (1 — x)v n , which 
gives on differentiation with v constant 
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(258) d x{v'-v<<) = aT(x% + {l-x) d -^) 

a relation leading to conclusions closely similar in their general 
character to those just found. 

Finally the relation between latent heat and temperature is given by 

(259) ^=1, + /_/'. 

If y'> y } (as is the case with water and ice) the latent heat 
necessarily increases with the temperature. As another example if 

/5 1 1 

^ttt is negative and -^ > /', then y' must be negative. This result is 
verified in the case of steam. 

149. Properties at the Triple Point. If we have three phases 
of a substance in equilibrium at the triple point, p and T will both 
be constant. If the total mass is unity, the masses of the phases 
being x, y, 1 — x — y, we have equations of the form 

v = xv r + yv" + (1 — x — y)v nt , 
u = xu ! + yu" + (1 — x — y)u in 9 
s = xs' + ys" + (1 - x - y)s"'. 

The temperature being constant the specific heats do not enter 
into the question, but we get 

(260) dq = X sl dx + X^dy 

where X sl7 A 82 are the latent heats absorbed in passing from the third 
to the first and second states respectively. With this notation we 
should evidently write X n = — A 13 and 

(261) ^3+^31+^12=0. 

The complex involves two independent variables x and y. These 
are determined if v and s are known. Hence the composition of the 
complex can be varied by altering the volume or by adding or with- 
drawing heat so as to alter the entropy, and these variations may 
be made independent of one another. The variations dx, dy produced 
by these changes are in fact given by the equations 

(262) (f/ - v")dx + (v" - v'")dy = dv 
and 

(263) X 31 dx + X m dy = dq = Tds 
or 
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(264) (V - $'") dx + (s n - s w )dy = ds 

of which the last two are equivalent in virtue of the equations 



J J!l *|1 Jt Q tt1 _ K 



(265) s? - s'" = ~-f, s" - s w - ^- 

The latent heat of expansion -J^ depends on the ratio of dx to 
dy and is indefinite. This is in agreement with Clapeyron's equation 
in which J~ takes the form — • 



CHAPTEE XV. 

PHASE EQUILIBRIUM WITH MORE THAN ONE SUBSTANCE. 

150. Partial potentials of the constituents of a mixture. In this 
chapter we shall show how the methods of Thermodynamics can be 
applied to a mixture or compound of various substances when account 
is taken of variations in the composition of the mixture. This, is the 
investigation first published by Gibbs under the title "Equilibrium 
of Heterogeneous Systems". 

Suppose that a homogeneous mixture which we shall call our 
system is formed of masses M a , M b , M c , . . . M k of 7c different substances 
which we may call A, B, C, . . . K and that this mixture is at uniform 
pressure p and temperature T, the whole volume being V. Then so 
long as the mixture remains homogeneous (as is here assumed) the 
only independent variations of which it is capable of undergoing are 

(a) variations in the masses M a , Mb, . . . M k of the constituents, 

(b) variations of the whole volume V } 

(c) variations produced by adding or withdrawing a quantity of 
heat dQ, i. e. variations of entropy. 

It follows that the state of the system when homogeneous can 
be completely specified by the masses M a , M bj . . . M k , the whole 
volume V and the whole entropy S. 

By the extended principle of Conservation of Energy (Chapter V) 
we regard it as an axiom that an entity exists called the whole 
energy of the system and that this energy U is a function of the 
variables above mentioned, i. e. ; that an equation exists for the system, 
of the form 

(266) U=f(S, V, M a , M b , . . . M k ) 

by which its whole energy U is defined. 
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The variation of U is thus given by 

(267) dU -™dS + $dr + 2^ dMt . 

When the masses M a , M bf . . . M k are kept constant the system behaves 
as a simple system for which 

(268) dU=TdS-pd¥, .-.|f-T, !£--!>. 

If we write 

dU 

the differential of the energy assumes the form 

(269) dU=TdS-pdV + ^[i k dM k . 

The coefficient [i k is called the partial potential of the substance 
K in the mixture, or, according to Gibbs, simply its potential. From 
this we obtain the following definition in words. 

Let the mass of the substance K in the mixture he increased by 
the differential quantity dM k without altering the total volume or entropy 
of the mixture, and let the corresponding increase of total energy be 
H k dM k . Then [i k is said to be the partial potential of the substance K 
in the mixture in question. 

To increase the mass of one of the constituents without altering 
the whole entropy of the system we may conceive the mass dM k 
added at temperature T equal to that of the system and a quantity 
of heat withdrawn equal to T times the gain of entropy caused by 
the addition in question. 

151. Expression for the whole tlierniodyiiamical potential $ P in 
terms of the partial potentials of the constituents. In the next place 
we notice that the assumption that the system is a homogeneous 
mixture imposes a certain limitation on the form of the function f 
by which the energy is expressed. 

For the condition of being homogeneous involves the property 
that if different quantities of the same mixture be taken, the whole 
volume, entropy, and energy and the masses of the constituents are 
proportional to the quantities, that is, more exactly, to the whole 
masses of the mixture in question. 

Hence, if the masses M a , M b , . . . M k , the whole volume V and 
the whole entropy S are each increased by a small fraction ds of 
their original values, the whole energy wiU be increased by the same 
fraction of its original value. Equation (267) must therefore be 
satisfied by 



PARTIAL POTENTIALS IN A MIXTURE. 153 

dU=Uds, dV=Vds, dS = Sde, dM a = M a de, . . ., dM k = M k ds 
whence we have by substitution 

(270) U-TS-pr + ^>}M t in 
and therefore 

(271) &>= U- TS+pV = ^M kl L k . 

In other words the potential $ P of the mixture is equal to the 
sum of the masses of the constituents multiplied by their corresponding 
partial potentials. 

In the special case of a single substance, the partial potential p 
becomes, therefore, identical with the thermodynamic potential \ p of 
unit mass at given temperature and pressure. 

The above result also follows from the fact that £7is a homogeneous 
function of the first degree in S, V 7 M a , . . . M k (not in general a 
linear function) whence by Euler's Theorem of homogeneous functions 

(272) U^S^ + V^+^M^^ST-pV + ^M^. 

In general the potentials /i depend on the percentage composition 
but are independent of the total quantity of mixture taken, so that 
if m a , m by . . . m k are the masses of the constituents, v, s the volume 
and entropy, \L ai \L h} . . . yu k are expressible as functions of v, s, m a , . . . m k , 
or if preferred they can be expressed as functions of the pressure p } 
temperature T, and percentage composition as defined by the quantities 

m a , m b , . . . m k subject to y\ m k = 1. In other words /i a , /i 6; . . . {i k 
are homogeneous functions of zero degree in S, V, M a , . . . M k . 

152. Transformation of the Fundamental Equation. The equation 

(266) U = f(S, V,M a ,...M k ) 

is called a fundamental equation, and as has been stated above, the 
existence of such an equation is an axiomatic consequence of the 
fundamental principles of thermodynamics, and for a homogeneous 
mixture f must be a homogeneous function of the first degree. We 
shall now show how to deduce other equivalent forms of fundamental 
equation suited to cases when the system is specified by different 
choices of variables. 

We observe that equation (266) and the subsidiary equations 

(273) M = f, W--*> TH-K 

form a system of ft + 3 equations connecting the following 2Jc + 5 
variables, namely 



(276) 


9S r 
dT 


= - 
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P > dM a ~ P"' • 


■•dM k - 


= i^k 
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following 








(277) 
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(278) 


dT 
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U,S,V,M a ,M b) ...M k , 

T > P> Pa, Pb, • • • l*>h 

so that the variables are completely determined if the values of any 
Jc + 2 of them are given. As in the ordinary case of a simple system 
the above system of equations is easily seen to be equivalent to the 
following: 

(275) g„ = U - TS = a known function of (T, F, Jf a , . . . M k ), 



.M k ), 



in which (275) and (277) are the fundamental equations respectively. 
If, following an analogous method, we attempt to form a 
fundamental equation with p, T, yb a) ti b) . . . p k as independent variables 
the potential function we should logically use would be 

V-T8 + pV-^ii k M k 

but this for a homogeneous mixture vanishes by (270). We conclude 
that the fundamental equation in this case takes the form of a relation 
between the variables p, T, yu a , n b , . . . [i k alone so that these variables 
are not independent. This case may be best treated as follows. 

(a) If we start with the system of equations (273), (266) we find 
that p, T, \L a , (i bf . . . /a* depend not on the whole mass of mixture 
taken, but only on its percentage composition so that if small letters 
refer to a unit mass, these 1c + 2 variables are functions only of the 

k + 2 quantities 

v, s, m a , m b , . . . m k 

which are subject to the relation 

2m = 1. 

By means of this additional relation we obtain on elimination 
an equation involving p, T, yb a , jt 6 , . . . [i k only and this relation we 
shall write in the form 

(279) p-<p(T,y, a , &,...&). 

(b) Conversely, the last equation will now be shown to be 
equivalent to a fundamental equation of the form (266). For the 
elimination of d U from the equations 
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(269) dU=>TdS-pdr + ^jp k dM kf 

(270) U=TS-pV +^ti k M k 
gives 

(280) = SdT- Vdp + ^M h d^ } 
or 

(281) dp-±dT + 2j-y-df>k. 

Taking T, [i aj [i b , . . . [i k as independent variables we have 

/ 9 o 9 n S dp M a _ dp , M k _ dp 

Kfi**) V~dT' V ~W a ''''~V~~W k 

so that an equation of the form 

p = <p{T, [l a , ti b , ...[t k ) 

is sufficient to determine 

If the whole mass of the mixture /,Jf A is also given, to be 
equal to M, we have for V the equation 



1 dp 



(283) F^^ = 



M 



whence V is found and the other variables S, M a , M b , . . . M k are 
known. Finally the energy U is given by (270) whence 

(284) *-r{*0|),-»+2*£}- 

Equations (279), (282), (283), (284) are h + 4 in number and 
they involve 2/c + 6 variables namely the variables listed in (274) and 
the total mass M. It follows that any h + 3 of the variables may 
be eliminated and the result will be a single equation between the 
remaining Jc + 3 variables which we may take to be an equation 
between U, 8, V, M a> . . . M k . 

If instead of the whole mass, the whole volume V is given 
equations (282) are necessary and sufficient to determine the 
pressure, whole entropy, and masses of the constituents, the total 
number of variables being now 2ft + 5 omitting the whole mass M. 
With this omission equation (283) becomes omitted and the general 
conclusions are the same as before. 

We may also state our conclusions as follows: If the potentials 
of the constituents are given and also the temperature, then the 
pressure, percentage composition and generally the state of the mixture 
as apart from its total quantity are known. 
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153. Phase Equilibrium. While the preceding discussion refers 
only to a single phase of a chemical system we now proceed to find 
the condition for the equilibrium of a complex of different coexisting 
phases cp f f cp !t , . . . q>W each of which consists of all or of a certain 
number of the ft substances A, B, . . . K. As illustrated by the complexes 
formed of different phases of the same substance discussed in the 
previous chapter, a complex consists of several portions of matter 
which remain in equilibrium without tending to mix or combine into 
a single homogeneous mixture or compound which would be described 
as a single phase. These different parts are called the phases of the 
complex. The difference between the phases considered in this chapter 
and those in the last chapter is that here we may have a difference 
in the percentage composition of two phases. As an example we 
may take the case where calcium carbonate, calcium oxide and 
carbonic anhydride (or carbon dioxide) (CaCO s , CaO, G0 2 ) are in 
equilibrium, here we have three phases formed out of the two constituents, 
CaO and C0 2 . In the case of ice, water and steam, as considered in 
the last chapter all three phases had the identical chemical composition 
(H 2 0). 

In Gibbs' treatment it is assumed that the effects of gravity, of 
capillary tensions and of electrical and similar forces are neglected. 

If gravity be not neglected the energy per unit mass of a 
homogeneous mixture will not be the same throughout as has been 
assumed. 

If capillary and electric actions between different phases be not 
neglected these phases will have mutual potential energy and the 
whole energy of the complex will no longer be equal to the sum of 
the whole energies of the parts in the separate phases, as we shall 
assume. 

In the last chapter we found that in the case of a single substance, 
the conditions for equilibrium of two phases require that the pressure, 
temperature, and thermodynamic potential of unit mass \ p shall be 
equal in both phases. For several substances we should expect that 
the third condition would be generalised by the substitution of the 
partial potentials \i of the different substances for the potential f p , 
in other words, that in addition to the temperature and pressure being 
the same in all the phases, the partial potential of any substance 
would be the same in all the phases in which that substance occurred 
in order that these phases should be in equilibrium. 

Consider variations in which the total volume of the complex 
remains constant and no heat enters or leaves it as a whole. From 
Chapter VIII § 94 the equilibrium condition of minimum available 
energy requires that for small variations of the first order in which 
the whole entropy of the complex remains constant the variation of 
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the whole energy shall vanish to the first order. Now let [i f and y! ! 
be the partial potentials of any substance in two phases. Then a 
variation in which a mass dM of the substance in question passes 
from the second to the first phase without altering the volume or 
entropy of either phase has been shown to be a physically conceiveable 
change (§ 150), and it is consistent with the condition of constancy 
of the whole entropy of the complex. By the definition of the partial 
potentials this change would increase the whole energy of the first 
phase by y! dM and decrease the energy of the second by ii u dM. 
And since the two phases are assumed (as explained above) to have 
no mutual potential energy, the quantity 

(ti f -[i")dM 

represents the increase of the whole energy of the complex. This 
increase vanishes, therefore 

(285) i* f =V'. 

We may, if preferred, give the proof in the following analytical 
form. If quantities referring to the different phases <p', (p" are denoted 
by corresponding accents, and unaccented letters refer to the whole 
complex, we have, since mutual potential energy of the phases is 
neglected 

U = U'+ W+...+ C/(n) 

.\ 8U - dU 1 + dU" + •-- + dTJM 

+ 

Since the conditions of equilibrium hold for variations which do 
not alter the total volume of the complex or the total mass of any 
substance K and in which no heat passes to or from the complex, 
we have generally 

dU=0, 
for all variations subject to 

dS' + dS" + . . - + *£<«> - 0, 

dV' +dV" +....+ 87W =0, 

SM' a + 6M2+-.. + dJfW- 0, 



iMl + dML 1 + • • . + dMM - 0. 
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This requires that 

T' - T" - • • • - T«, p' = p" = j>(*>, 

vL = rf = * * ' = p£°, **i - /*f pg°- 

By this method the conditions of equality of temperature and 
pressure as well as of the potentials are established. 

We might if we preferred deduce the conditions of equilibrium 
by supposing the complex to be surrounded by a medium of .temperature 
T and pressure p QJ and forming the available energy according to 
§ 90, in this case we should obtain the further condition that the 
temperature and pressure of each phase were equal to T and p 
respectively. 

154. Case of absent constituents. If any component is entirely 
absent from any particular phase, it is necessary and sufficient that 
its partial potential where it occurs should be less than the potentials 
which it would have if it were present in infinitesimally small 
quantities in the phases from which it is absent. 

Thus let (i 1 be the potential of a substance in the phase in which 
it is present, ^ the potential it would have if present in infinitesimal 
quantities in a second phase. Then if a mass dm of the substance 
were to pass from the first to the second phase without altering the 
whole volume or entropy of either phase the increase of energy would 
be (jiW— [i')dm. 

This must be positive or zero, hence /i'</z (0 >. But a change in 
the opposite direction is impossible, hence the energy does not 
necessarily satisfy the usual analytical conditions for a minimum, that 
is, its variation of the first order does not necessarily vanish, and 
[i r is not necessarily equal to p(°). We have in fact a case in which 
only "unilateral" variation is possible as considered in § 89b. 

155. The Phase Rule. Now let us investigate the maximum 
number of different phases which can exist together in a single 
complex formed out of the k different substances A, B, . . . K. 

Since the temperature and pressure are the saine throughout, 
and the partial potential of each substance is the same in all the 
phases in which that substance occurs, we have only Jc + 2 variables 
at our disposal, namely the common pressure and temperature and 
the values , common to each phase, of the partial potentials of the k 
substances. We may therefore denote these values by p, T, [i aj . . . ^ 
without using accents to distinguish the different phases. 

Moreover we have shown that the existence of any phases <p 
involves a fundamental equation of condition, which may be written 
in the form 

p = (p(T, {i a , [i b , ...p h ). 
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In general the number of equations of condition cannot exceed 
the number of variables at our disposal and we thus conclude that 

(1) There cannot in general be more than Jc -f 2 phases in 
equilibrium formed of Jc substances. 

(2) If these Jc + 2 phases all coexist, the variables are all 
completely determined, and this case can only occur when the pressure, 
temperature and partial potentials have one or more definite discrete 
values. Such a complex is called invariant or avariant because no 
change of a physical character can take place without disturbing the 
equilibrium of one or more phases. The relative quantities of the 
different phases may however be varied, but their percentage com- 
positions and the volumes and entropies per unit mass of each will remain 
constant. The state in question is called a multiple point of order Jc + 2. 
The triple point of the last chapter is the special case for Jc = 1. 

(3) If only Jc + 1 phases are coexistent, the complex possesses 
one degree of freedom and is called univariant. If the pressure or 
temperature is given, or more generally any single additional arbitrary 
condition is imposed, such as a relation between pressure, temperature, 
and potentials, the Jc + 2 variables will be completely determined. 

(4) If Jc phases coexist the complex has two degrees of freedom 
and is called bivariant. It can now be made to satisfy two additional 
arbitrary conditions, for example, both pressure and temperature may 
be given and may be independently varied. 

(5) If generally i phases coexist the complex is called multi- 
variant, its variance being of order Jc + 2 — i and denoting the 
number of its degrees of freedom. 

These conclusions constitute the Phase Rule of Gibbs. It will 
be noticed that the variations above considered have no reference to 
the quantities of the different phases present in a given complex. 
Moreover the conclusions are equally valid when the components are 
not present in all the phases. In the case of absent components the 
potentials of these components wiU not enter into the fundamental 
equations of the corresponding phases, but the number of equations 
and the number of variables will be the same as before. 

A few examples will make this latter point clearer. 

Ex. 1. Suppose A, B to be two substances which can never mix. 
If A is at the triple point, the temperature and pressure are known. 
These will not in general satisfy the condition for equilibrium between 
two phases of B, and hence B only can occur in one phase, giving 
four phases altogether, in accordance with the rule. 

If however only two phases of A occur, we have a single relation 
between the temperature and pressure and we can make them satisfy 
a second relation necessary for the coexistence of two phases of B, 
giving, as before, four phases. 
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Ex. 2. Consider a saturated solution of salt in the presence of 
undissolved salt. We have two phases with two components. If 
the temperature and pressure are given the strength of the solution 
will be completely determined. 

Ex. 3. If the solution of the last example is also in equilibrium 
with vapour of the solvent, then if the temperature alone is given, 
the vapour pressure will be known and the state of each of the three 
phases completely determined. 

156. Application to the thermodynamic potentials of gas -mixtures. 

We may now give a more satisfactory discussion of the question 
treated in § 122. 

We assume that if a liquid is in equilibrium with its vapour 
alone at temperature T and pressure p\ it will also be in equilibrium 
at temperature T with its vapour mixed with other gases, if the 
partial pressure of the vapour be p'. 

Now in the first case the potential \ p of the liquid is equal to 
that of the vapour, and in the second case it is equal to the partial 
potential of the vapour in the mixture and a comparison of the 
equations of § 127 

f,-*y+(i-*)f;' 

with the equations of § 151 

fp = ylnJ + ti f, m ,f (W = x, m n = 1 — x) 

shows that this partial potential p* is the same as the f p ' of 
Chapter XII. 

If the potential of the liquid were the same in both cases, we 
should have the potential of the vapour exactly equal to its partial 
potential in the mixture at the same temperature T and partial 
pressure p\ 

This is not strictly the case, for if p" be the partial pressure of 
the remaining gases, the surface of the liquid is in the one case 
subjected to the pressure p* and in the other case to the total 
pressure p 1 + p n , and the expression for \ p , viz. 

fp = w — Ts +pv 

shows that even if the liquid has the same specific energy and 
entropy in the two cases, its potentials will differ by the amount p" v. 
But to obtain some idea of the percentage error commonly intro- 
duced by neglecting this term we may take, as an example, water 
and its vapour at 100° C. Here the volume of the vapour is 1650 times 
that of the liquid so that the percentage error is comparable with 
what would be introduced by an error of observation of 0.06 per 
cent in the estimation of the partial pressures or temperature. 
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In deciding as to the most suitable assumption to make in the 
hypothetical case of a perfect gas, the most natural plan is to 
regard the equation pv = JBT as a limiting case of van der Waals' 
equation or some analogous form. But when van der Waals' equation 
is written in the form of a cubic in v and the constants a } b in it 
are subsequently made equal to zero, two of the roots of the cubic 
vanish. We conclude that in order to bring the properties of perfect 
gases into harmony with those of ordinary gases we must take the 
limiting form of the result of the preceding investigation when the 
ratio of the volumes of the liquid and gaseous phases is made 
infinitely small. 

We thus have the result that the partial potential of a perfect 
gas at given pressure and temperature is independent of the other 
gases with which it is mixed. 

The loss of available energy and gain of entropy by the diffusion 
of two such gases then follows the laws discussed in Chapter XII. 

[If we adopted any other hypothesis, as, for example, that no 
available energy was lost by the diffusion of perfect gases, the study 
of the properties deduced from such an assumption would be devoid 
of physical interest and the "perfect gases" so defined would possess 
no resemblance whatever to actual gases in regard to these properties.] 

157. To find the fundamental equation of the mixture in the 

form of a relation between p, T and the potentials, we first transform 
the equation (Chapter XII § 122) for the potential of a single gas 
so as to give p explicitly thus 

fp— u o Yp a o—Y p 
p — e BT JIB e B m 

We now notice that when the gas occurs in a mixture the partial 
potential p takes the place of \ p and the partial pressure of the gas 
is determined by the same equation. And since the total pressure 
of the mixture is equal to the sum of the partial pressures of its 
components we get for the fundamental equation of the mixture 



(286) p - 27l a B ' T T B ' e B ' 

where the accented letters denote quantities which are different for 
the different gases 1 ), and the sign of summation refers to these 
several gases. 

1) This is reducible to the form given ' by Gibbs on substituting y v -f B 
for y p and v + §logB for 6 . 
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CHAPTEE XYL 

REVERSIBLE THERMOELECTRIC PHENOMENA. 

158. Definition of a Reversible Galvanic Element. The flow of 
electricity through conductors is associated with several heat phenomena, 
some of which are reversible and others irreversible. 

When a current I flows through a wire of finite resistance It, 
and of uniform temperature throughout, available electrical energy of 
amount I 2 R per unit time is absorbed, and either a quantity of heat 
equal to this is given to the surrounding media or a rise of tem- 
perature occurs in the wire equal to that which would be produced by 
imparting this quantity of heat to it. If the direction of the current 
be reversed the same transformation will take place. We have 
therefore a simple case of irreversible conversion of work into heat 
in the substance of the wire itself as explained in § 81, and 
entropy is generated in the wire at a rate per unit time represented 

by -j, - 

As however the laws of irreversible thermodynamics are represented 
by inequalities instead of equations, we must in order to study 
reversible phenomena, leave this heating effect out of account, and 
for this purpose it is necessary either to assume perfect conductivity 
(22 = 0) or to suppose the flow of electricity to take place infinitely 
slowly. If e is the quantity of electricity flowing through the wire 
in time t and we consider the simple case of a uniform current, we 
have e = It, so that the quantity of energy transformed is equal to 

—-> and keeping e constant this quantity may be decreased in- 
definitely by increasing t, as well as by decreasing R. In either case 
the differences of potential in the conductors due to the currents 
vanish. In dealing therefore with a galvanic cell of finite electromotive 
force E we must therefore suppose a motor or a condenser (e. g. an 
air -condenser with parallel plates) included in the circuit giving rise 
to an equal and opposite electromotive force, and when a quantity 
of electricity de flows from the positive to the negative pole of the 
cell through the motor or in the same direction relative to the cell 
in connection with the condenser, a quantity of external work Ede 
will be done by the motor or by the attraction of the plates of the 
condenser. On reversing the process an equal quantity of available 
energy must be supplied from without, in the form of mechanical 
work. In this statement it is assumed, consistently with the principles 
of electrostatics or electromagnetism that the electrical energy passing 
to or from the condenser or motor is wholly of the nature of 
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available energy. This is true consistently with what is proved 
later on if the electrodes (i. e. the points at which the current enters 
or leaves the region included in the cell) are of the same material 
and at the same temperature. This is assumed. 

A perfectly reversible element may therefore be defined as one in 
which no available energy is lost by the passage of electricity between 
the poles or by any of the other transformations contemplated in 
reversible thermodynamics. If then a quantity e of electricity passes 
between the poles in one direction and an equal quantity then passes 
in the opposite direction, no other change taking place (the trans- 
formation being adiabatic) the element will return to its original 
physical and chemical state. 

159. Application of Thermodynamic Equations. When in addition 
to the last mentioned changes heat may pass to or from the element, 
other changes being excluded, the element behaves as a simple system, 
and its state at any instant can be specified by two coordinates, 
namely the whole quantity of electricity that has passed between the 
poles, denoted by e, and the entropy, or the temperature. That e 
can be regarded as a coordinate is most readily seen when the circuit 
is completed by a condenser. 

Since Ede is the external work done corresponding to the 
variation de, we have by the laws of thermodynamics 

(287) dU=TdS-Ede. 

If then 

&-U-TS, 

% e will be the thermodynamic potential corresponding to $ v for a 
simple substance, and we shall have 

(288) d% e = -SdT-Ede 
whence 

( 288a ) E =~&)r 

a relation first obtained by Gibbs. 

Since d$ e is a perfect differential 

Putting 

\dejT 
we obtain 

(290) X = E-T(§) ; 

11* 
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The interest in this equation, which is known as Helmholt^ equation 
lies in the physical meaning of X. In fact X is the loss of internal energy 
per unit quantity of electricity generated in the circuit at constant tem- 
perature T. The constancy of temperature and the exclusion of other 
variations shows that this energy has its origin in the chemical 
combinations formed in the element during the change. Now the 
quantities of the different substances combined in connection with 
the passage of a unit electricity are called the electrochemical equi- 
valents of these substances. Moreover the quantities of energy evolved 
by them are called their heats of formation (expressed in work units) 
because in the simplest experiments on chemical combination the 
evolved energy takes the form of heat. Hence X is said to be 
equal to the algebraic sum of the heats of formation of one 
electrochemical equivalent of each of the active substances contained 
in the cell. 



160. Separation of the Thermoelectric Effects in the circuit. 

Prom the last section we see that E is not equal to X unless E and 
therefore X is independent of T. In other cases we have 



*-*-*(S).-*G!),- 



Here Ede is the total electric energy associated with the 
change de f Xde the energy arising from chemical reaction and we 
see that the remainder is TdS, and represents the energy supplied 
from without in the form of heat. The coefficient which is equal 

to yt re P resen ^ s therefore the part of the electromotive force due 
to direct thermo-electric actions in the element. 

When no chemical changes occur, so that X = 0, equation (290) 
gives on integration 

(291) E - CT 

where G is a constant. Hence the thermo- electromotive force in an 
ideal element consisting of metals or other substances in contact, 
between which no chemical action takes place is proportional to the 
absolute temperature. 

In the more general case where X is not zero, E and X will be 
functions of 1 alone, so long as the battery is continuously working. 
In this case equation (290) gives on integration 

(292) E=T{c-f^dT\ 
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161. Gibbs' Formula. // it is possible to assume X to be inde- 
pendent of T this gives 

(293) E=t(c + ±) 

X 
or putting C = — -^ (C may be positive or negative) this gives 

(294) E^X^^- 

This result was given by Gibbs, who deduced it by the application 
of a cyclic transformation to the element. It does not however 
appear to be deducible from purely thermodynamic reasoning without 
some assumption. It necessarily involves the converse property that 
X (but not E unless T = 0) is independent of T and further that 
the total thermo- electromotive force E — X is proportional to the 
absolute temperature T, as in the case where no chemical action 
takes place. 

A very simple assumption which leads to Gibbs' formula is that 
the thermal capacity of the cell is unaffected by any chemical changes 
ivhich take place in it Thus supposing we are dealing with zinc and 
sulphuric acid we assume that the heat required to raise the tem- 
perature 1° is the same for the zinc sulphate as for the separate 
constituents. If we start from this assumption we have, taking T 
and e as variables, 

\df) ~ faction of T only, 

diS = 0, 



' dTde 
fdS 



. * . (-3—) is independent of T } 

jp \ 

. * . T is independent of T. 

Also the assumption that the battery is in continuous action 
makes E and X independent of e. Therefore 

— Y~ = constant C 

as in (293). The converse is also true as may easily be seen. 

162. Temperature of Transformation. The constant T in the 
equation of the last article has an important physical meaning. For 
if the temperature T = T 0> E vanishes and as T increases past the 
value T 0> E changes sign. 
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At the temperature T a current can flow through the circuit 
freely in either direction, and there being no electromotive force, no 
energy is absorbed or given out to the current. The chemical 
changes occurring in the cell will depend on the magnitude and 
direction of the current but the energy involved in them will be 
wholly transformed in the form of heating. 

When the temperature exceeds T the current tends to flow in 
the opposite direction, its flow being accompanied by dissociation of 
the compounds formed in the previous case. The process of com- 
bination can then only be continued by inserting an external electro- 
motive force in the direction hitherto regarded as positive and thus 
supplying external electrical energy. 

These conclusions which are verified by experiment, are not 
dependent on the particular form of equation (294). 

Taking the perfectly general thermodynamic formula (290) we 
may write it in the form 



(295) E=Tf X Tt 



To 

dT. 



Here T will be the temperature of transformation, and will possess 
all the properties above stated. 

163. Effect of changes of volume or pressure. In such cases as 
that of a gas battery where expansion takes place under external 
pressure, an additional variable must be taken into account namely 
the volume V or the pressure p. The equations give 

dU=TdS-Ede-pdV 
and taking the thermodynamic potentials 

%v-U-TS, &.-Z7 TS + pV 
we obtain in the usual way 

d% v = - SdT-Ede-pdV, 
d% p - - SdT - Ede = Vdp. 

The conditions for a perfect differential now give rise to six 
reciprocal relations between the differential relations; of these the 
only ones which have not been already discussed in §§ 112 — 114, are 

(296) (dv) e% C \de/r,T \dp)e,T~ ~ \de) P ,T 

The last relation shows that the electromotive force increases or 
decreases with the pressure according as the volume decreases or 
increases when a current flows through the battery. 



constant, 
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In a constant pressure battery in continuous action at constant 
temperature the change of volume depends on the chemical trans- 
formations taking place in the battery ; and is proportional to the 
quantities of the chemical . constituents involved in the change, or 
again to the quantity of electricity that has passed through the 
battery, giving 

\~j~ ) = < 
\deJpT 

in accordance with Faraday's Law. Thus for example if we take the 

case of hydrogen and oxygen, the value of (-p) will represent 

the difference between the volumes of one electrochemical equivalent 
of oxygen and hydrogen and that of water at the temperature and 
pressure of the cell. We may therefore write 

d y y —V 

-«— = — - = function of p y T only. 

Hence 

This equation may be integrated keeping T constant in order to 
compare the electromotive forces of the same battery at two different 
pressures at the same temperature provided the (p, V y T) equations of 
the substances involved are known. 

Example. Suppose the substances to consist partly of solids and 
liquids whose volume may be approximately assumed to be independent 
of the pressure, partly of gases which obey Boyle's Law. Then at 
constant temperature T 

(298) -^^ = A + — 

where A is the change of volume of one electro - chemical equivalent 

TO 1 

of the solids and liquids, — that of the gases. Then the integral 
becomes 

(299) E(pJ) jE( Pq T) = A( Pl -p ) + BT\og g- 

The experimental aspect of such equations has been studied by 
Gilbault. 

164. The Peltier and Kelvin Effects. Hitherto we have con- 
sidered thermo-electric phenomena that are associated with chemical 
action. We now proceed to discuss more fully those phenomena 
which occur in systems of conductors in which no chemical action 
takes place. Such conductors are called conductors of the first class, 
those previously considered being classed as conductors oftJie second class. 
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The thermo-electric phenomena occurring at the surface of 
separation of two conductors of the first class are known as the 
Peltier Effect There is in general a difference of potential (77) at 
the two sides of the surface, and when a quantity of electricity 
flows across the surface, the energy corresponding to the change 
takes the form of heat absorbed or given out at the surface, in just 
the same way that when friction occurs between two bodies each 
appears to receive heat from the common surface of separation. 

From § 160 it appears that in an element in which the only 
electromotive forces are those due to contact, the sum of these, 
representing the total electromotive force, must be of the form GT } 
i. e. proportional to the absolute temperature. 

This result may be generalised by taking a (non- resisting) circuit 
formed of any number of metals. Let TI 1} JT 2 , JT 3 be the electromotive 
forces of contact at the various junctions taken in order round the 
circuit T ± , T 2 , T s the absolute temperatures. 

Let e units of electricity flow round the circuit in the positive 
direction. Then the quantities of energy gained at the junctions are 
ell 1} eTI 2) ell 3 , and these represent the quantities of heat absorbed. 
Since the process is reversible, the sum of the corresponding changes 
of entropy is zero. That is 

(300) !k + !k + Ik + ... = o, 

Now let all the temperatures of the junctions but one, T r be 
kept constant. Then it follows immediately that 

n r 

— = constant, 

and calling this constant C we have 

(301) II r = C r T r and 2JC - 0. 

Thus in a reversible circuit in which no oilier electromotive forces 
occur the Peltier effect at any junction must be proportional to the 
absolute temperature of that junction and further the sum of the co- 
efficients G r must be algebraically zero. 

In particular the electromotive force in a circuit of two metals 
will be proportional to the difference of temperature of the junctions. 

Now in practice it is found that when the temperature of one 
junction is kept constant and that of the other is raised, the current 
instead of always increasing may vanish and change sign. From this 
it follows that conformably with the laws of thermodynamics, other 
electromotive forces must exist in the circuit. From arguments of 
this character Lord Kelvin was led to the discovery of the Thomson 
or Kelvin effect according to whicji: 
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When differences of temperature exist at different points of the same 
substance, they are in general accompanied by a difference of potential. 

These differences of potential which are here discussed in 
connection with an ideal reversible circuit are of course entirely 
independent of those due to resistance in irreversible circuits. 

The energy absorbed when electricity passes from a place of 
lower to one of higher potential is necessarily supplied in the form 
of heat, and hence the phenomena give rise to reversible heating 
effects which are independent of the irreversible effects due to con- 
duction of heat in the cases which occur in practice. To these 
heating effects the name "electric convection of heat" has been given. 
In order to eliminate the effects of irreversible heat conduction, it 
is necessary to assume that the thermal conductivity of the connections 
forming the circuit is negligible. 

The laws of reversible thermodynamics show that under the 
assumed conditions, when a unit of electricity flows round the circuit, 
the sum of the energies given out in the form of heat at the junctions 
and in the conductors is equal to the whole electromotive force 
tending to produce a current in this direction in the circuit, and 
the sum of the entropies given out is zero. 

The last statement shows that the total quantity of entropy 
absorbed when a unit of electricity is made to pass from one point 
to another point P of a thermo-electric network is independent of 
the path by which the charge travels from to P. If we denote 
this quantity by %, we notice that since the present result is unaffected 
by the addition or substitution of hypothetical connections of the 
most general character between and P, the quantity % can only 
depend on the temperatures and nature of the substances at and P. 
And by taking to refer to a standard substance at a standard 
temperature we shall have % a function of the temperature and the 
nature of the substances at P which we shall write %{a,T) for 
substance a at temperature T This function will determine all the 
thermo-electric phenomena occurring in the system. 

Thus if II ab is the electromotive force at temperature T of the 
Peltier Effect between two substances a and b, 

(302) n ab = T{ X (a,T)- x (b,T)}. 

Again let 6 a dT represent the electromotive force of the Kelvin 
effect corresponding to the temperature difference dT for substance a 
then since 

O a dT = increase of energy of unit charge corresponding to dT 

= T x increase of entropy = Td% (a, T), 

(303) .. ffa = T M^>. 
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The coefficient <5 a has been called by Lord Kelvin the specific 
heat of electricity for substance a at temperature 7) because 6 a dT 
represents the heat absorbed by unit charge for a change of tempe- 
rature dT obtained by moving along the wire. It will be noticed 
that 6 and H are connected by the relation 

(304) JL(^£)_ffLp = 

which is identical with the relation between the specific heats and 
latent heat of transformation in a complex of two phases of the 
same substance. This identity is a necessary consequence of the 
physical interpretation of the two equations, which represent the fact 
that the sum of the entropy changes is zero in a circuit of two 
metals and a cycle between the two phases respectively for a 
temperature -difference dT in the neighbourhood of T 

165. Determination of the Total Electromotive Force. If two 

points are taken in the same homogeneous conductor at temperatures 
T lf T 2 the electromotive force between them is given by 

(305) E =J<5 a dT -JT d% (flT) = ff (T, ) - 9(TJ 

where c£(jT) is a function of T alone. This follows since %{aT) is 
a function of T alone so long as a is the same. Hence so long as 
the substance is the same, the therm o- electromotive force is derivable 
from a potential <D(T) satisfying the relation 

(306) d$ = Td%. 

, Next consider a 

J£ ;+ ^ ^ number of conductors 

1 z 3 a, bj c t . . . k in series 

with their junctions at 
temperatures T J} T 2 , . . . T*_i. Then the expression for the whole 
electromotive force between (a, T ) and Qc, T k ) can be written in the 
following various forms 

(307) E = $ (a, T,) - ft (a, T ) + U^TJ 

+ $ {b, T 2 ) - $ 0, T n ) + n bc (T 2 ) + &c, 

(308) E =JTd % (aT) + T, ^(bT,) - xfaTJ) 

To 

+fTd X (b, T) + T t \ X (c, T t ) - X (b, T 2 )} + Sc, 
or ; again, by partial integration the last form gives 
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(309) E- T k% (Jc, T k )-T a (aTJ -f%(aT)dT-f % (b, T)dT- &c. 

To T x 

which may be written 

(310) = T k% Qc, Tm) - T oZ (a, T Q ) -f z dT 

a r T 

whence for a complete circuit 



(311) E = -(f) 



dT. 



We notice the following conclusions, which are in accordance 
with the results of general reasoning: 

(1) If the circuit is all formed of one metal E = 0. 

(2) If the junctions are all at the same temperature E = 0, for as 
in any conductor % is a function of T only, therefore if the two ends 
are at the same temperature, the portion of the integral contributed by 
that conductor vanishes. 

We further notice that the electromotive force in the complete 
circuit is the same as would be obtained by assuming an electro- 
motive force i dT to act between points of the same substance whose 
temperature difference is dT and no electromotive forces would then 
have to act at the junctions. In other words the whole electromotive 
force can be accounted for by a suitably formed expression for the 
Kelvin effect without any Peltier effects. But such an expression 
would not give rise to the same heating effects, nor would it bring 
these heating effects into accordance with the Second Law of 
Thermodynamics. 

166. Converse Problem. — Specification of a Thermo-electric 
System. Next suppose that we have a circuit formed of two metals 
a, b and that we have determined its electromotive force for different 
values of the temperatures T 17 T 2 of the two junctions, so that 

E~f(T u T t ) 

a known function of T x and T 2 . 

Then we may write the relation (308) in the form 

T 

(312) J{ x (aT) - Z (b, T)} dT - / (T lt 1 2 ) 

Tx 

therefore 
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(313) z(a ,T 2 )_ z(6 , T2 ) = d -^§^, 

(314) t (a, T x ) - z (6, T x ) = - d J^> 

and by varying one or other of the temperature limits it follows 
that % (a, T)—*% (6, T) is determinable from these data for all values 
of T. 

This information is sufficient to completely determine the Peltier 
effect at either junction, but it is not sufficient to determine the 
Thomson effects in the two separate conductors. All we know from 
the assumed data is the difference % (a, T) — % (6, T). If the values 
of one of the expressions %(a,T) be determined by observations of 
the heating produced by the Thomson effect in one of the metals 
the corresponding values of %(b,T) are completely determined. 
Without this additional information the expression for i in any 
substance must be regarded as containing an uriknoivn term in the 
form of an unknown function of T alone which is the same for all 
substances. 

It also readily follows that the thermo-electric properties of a 
number of different substances can be completely determined from 
the following data, each of which may be regarded as the complete 
specification of an ideal thermo-electric system: 

(1) If the specific heat of electricity of each of the substances 
is known as a function of the temperature for all temperatures, and 
the Peltier electromotive forces are known at one particular tempera- 
ture between one substance and each of the others. 

(2) If the specific heat of electricity of one of the substances is 
known as a function of the temperature, and the Peltier electromotive 
force between that substance and each of the others is known as a 
function of the temperature for all temperatures. 

In either case the remaining unknown data may be determined 
from the relation 

(315) drVr-) t~ = ° 

or the expressions for % may be obtained directly from (313) or (314). 
Any further experimental data in excess of the minimum must 
be interpreted as tests either of the accuracy of the observations or 
of the validity of the laws of Thermodynamics. 

Example. Let us assume for E the expression proposed by Tait 
namely 

(316) E = K> (T x - T t ) [T ab - i (T x + T,)] 
where T ab , Tz ah are constants. Then 
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(317) % (a,T)- x Q>,T) = 7c ai (T ab -T) 
whence 

(318) n ab = k ab (T ab -T)T 

so that T ab is the temperature at which the two metals are neutral 
to each other (JI ab = 0), also 

(319) <s a -6 b =-k ab T. 

This is as far as we can go by purely thermodynamic reasoning. 
The only plausible hypothesis is that 6 a and 6 b are both proportional 
to T. If for one substance 6 is assumed as the result of experiment 
to be proportional to T within certain temperature limits, the same 
result is now established for other substances within the same limits, 
subject of course to (319) being true within these limits. 

In the case of lead (say T) it is known from experiment that 
6i is sensibly zero over a considerable range of temperature; on this 
hypothesis 

(320) 6 a = -k al T, b = -le bl T, Jc ab = h al - hi 

and if the above result for lead should be shown to be only 
approximately true, the first hypothesis would still give 

(321) & a = -Jc a T, 6 b = -Tc b T, l ab = l a -h- 

k a , k b in this case being referred to an ideal substance (I) for which 
6 = 0. We further have by cyclic addition of (319) 

(322) Qc b - h) T be + (Jc c - k a ) T ea + (Jc a - Jc b ) T ab = 
whence we may write 

(323) i(a,T)-K(T a -T), 

(324) x (b,T) = h(T b -T), 

supposing T aj T b to be the neutral temperatures of a, i with respect 
to lead or the ideal substance {J) referred to. The integration constant 
which occurs in the value of % (depending on the initial state assumed 
in the definition jof %) is here made to vanish by taking the initial 
state in the substance I. 

167. Effects of the Currents on Localisation of Energy and 
Entropy. The phenomena discussed in the preceding articles afford 
evidence that thermo-electric currents may alter the localisation both of 
energy and entropy. 

Suppose any number of conductors, maintained at a distribution 
of temperature which is independent of the time, to be placed in a 
thermo-electric circuit, and after a quantity of electricity e has 
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passed through the circuit suppose the conductors to be isolated. 
Then energy and entropy have been absorbed at the conductors 
during the passage of the current, yet at the end there is no change 
in the state of the conductors themselves. It is therefore clearly 
absurd to suppose that this energy and entropy have been stored in 
the conductors, and we have no alternative but to suppose them to 
be localised in the electric charge itself. 

So far as energy is concerned, this view forms the basis of the 
most elementary theories and no better evidence can be adduced 
than the important applications of electric transmission of power, by 
which for example, energy is made to change its localisation from a 
waterfall to a tramcar. 

Consistently with the theories of the previous articles we have 
now to assume that the entropy which for charge e at temperature T 
in substance a is denoted by e%(a,T) is localised in the charge itself, 
and that during all peregrinations of the charge, a certain amount 
of entropy follows it about. When owing to the changes in a or T, 
the function % increases, entropy is picked up by the charge, when 
it decreases, entropy is left behind. 

In the case of a charged conductor whose temperature is being 
raised, we may first suppose the charge brought to the conductor 
from a fixed base, and after the conductor has been heated we may 
suppose the charge returned to the same base. The principle of 
conservation of entropy for reversible cycles requires that entropy 
shall be supplied during the process of heating, represented by the 
increase in the value of %. If no other phenomena exist which can 
account for the change, we infer that heat must be supplied to the 
conductor, over and above the amount required if the conductor 
were uncharged, and that the "specific heat of electricity" is the 
proper thermal coefficient in this case as it is in connection with 
"electric convection of heat". 



CHAPTER XVII. 

GEOMETRICAL AND DYNAMICAL REPRESENTATIONS. 

168- Thermodynamic Models of a Simple System. The method 
of representing the thermodynamic properties of a simple system, 
such as a homogeneous fluid by means of a geometrical surface in 
three dimensional space is due to J. Willard Gibbs. For convenience 
we shall suppose the quantities involved to refer to unit mass, 
though the methods will be closely analogous if the whole mass of 
the substance is considered. 
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Taking x } y } z to denote coordinates generally if we put 

x = v, y = $, z = u 

where v, s, u are the volume, entropy and energy of unit mass at 
the substance, we see that since for any given substance , u is a 
definite function of v 9 s, say 

«* = f(p> s )> 

the point (v, s, u) lies on a certain surface which may be regarded 
as a thermodynamic model of the substance. 

We may construct other surfaces representing the thermodynamic 
properties of the substance by taking 

x = v, y=T, z = f v 
or again 

%=p, y = T, Z = \ p 
or lastly 

%=P, y = s, ^fi 
where \ V7 \ p) f, are the thermodynamic potentials, 

f* = u — Ts, \ p = u — Ts + pv, f, = u + pv. 

Of the four surfaces thus defined any one is sufficient to 
determine the thermodynamic properties of the substance. The most 
convenient however as a general rule are the (v, s, u) surface and 
the (p, T } fp) surface. The first is usually spoken of as the volume- 
entropy energy diagram, or thermodynamic model; the second is 
often called Gibbs' Zeta surface, the Greek letter % being used by 
Gibbs to denote the potential which we have denoted by \ p . 

169. Reciprocal properties of the volume -entropy -energy and 
pressure-temperature-potential surfaces. We may conveniently study 
the properties of these two surfaces side by side, and it will be 
observed that they are connected by the principle of duality. 



The (y } s, u) surface. 

The equation of the tangent 
plane at any point of the surface is 

z- u = (x-v)^ + (y-s) Wi 
that is 
z — u = — (x — v)p + (y — s)T 



The (p, T, f^) surface. 

The equation of the tangent 
plane at any point of the surface is 

that is 
z-\p = (%-p)v-{y-T)s 



or or 

z = — px + Ty + \ p . z = vx — sy + u. 
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Hence — p, T, f^ are the tangential 
coordinates of the point u, s, v 
when the equation of the tangent 
plane is put in the form 

z = Ix + my + n. 

The condition of stability in 
the state (v, s, u) requires that for 
any neighbouring state (v' f s f , u') 

u' > u -p(v'-v) + T(s'-s). 

If now the line through (y'jS'jU 1 ) 
parallel to the axis of z meets the 
tangent plane at {y, s, u) in the 
point (v', s ! , z) this gives 

u f > z. 

Hence the z coordinate of the 
surface is greater than that of the 
corresponding point on the tangent 
plane, that is the surface is concave 
towards the positive direction of 
the axis of z or u. 



Hence v, — s, u are the tangential 
coordinates of the point p, T, \ p 
when the equation of the tangent 
plane is put in the form 

z = Ix + my + n. 

The condition of stability in 
the state (p, T, \ p ) in the opposite 
column ; leads to the result that for 
any neighbouring state (p\ T\ \J) 

l<l' + v'(p-p')-J(T-T')- 

If now the line through (p, T, \ p ) 
meets the tangent plane at the 
neighbouring point (p r , T\ \ p ) in 
the point (p,T,d) this gives 

Hence the z coordinate of the 
surface is less than that of the 
corresponding point on the tangent 
plane, that is the surface is convex 
towards the positive direction of 
the axis of z or \ p . 



[The reciprocal properties of the two surfaces are easily seen to 
be consequences of the theory of polar reciprocation in geometry. 
For supposing two surfaces 

^i = /iOi> Vd and h = U(?*> 2/2) 
to be polar reciprocals with respect to the paraboloid 

x * + f = 2z, 
then since the tangent plane at (x lf y lf z t ) is the polar plane of 
(#2> 2/2; ^2) the equations 



and 






are identical giving 
_dz l 



z + z 2 = xx 2 + yy 2 

dz. dz, 



d z t 



%i 



idx\ +y idy\ * lf 



which are exactly the same as the relations connecting the coordinates 
on the two surfaces with certain differences of sign.] 
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170. Properties of a complex. 

If two phases coexist then the 
corresponding points on the (y, s, u) 
surfaces have a common tangent 
plane determined by the tangential 
coordinates (p, T f f p ) which are 
the same for both phases. 

If three phases coexist, p, T, \ p 
are the tangential coordinates of a 
triple tangent plane to the three 
corresponding parts of the thermo- 
dynamic surface. 

The boundary between any two 
phases is determined by a tangent 
plane rolling in double contact 
with the two corresponding parts 
of the surface; this plane envelopes 
a developable surface. 



If two phases coexist then the 
point (p 7 T 9 \ p ) lies on a curve of 
intersection of the corresponding 
parts of the thermodynamic sur- 
faces. 

If three phases coexist then 
the point p, T, \ p is at the common 
intersection of the three correspond- 
ing parts of the thermodynamic 
surface. 

The boundary between any two 
phases is determined by the curve 
of intersection of the two cor- 
responding parts of the thermo- 
dynamic surfaces, and the proj 30,tion 
of this curve on the plane of (jp, T) 
determines the curve of saturation 
referred to p, T as variables. 



171. Representation of an actual complex on the (v,s,u) surface. 
Let (v f , s*, u f ) and (v n , s n , u") represent two phases of the substance 
which can exist in the presence of each other. Then if m\ m" are 
the masses of the two phases occurring per unit mass in any complex 
formed of them, the volume, entropy and energy per unit mass of 
the complex are given by expressions of the form 

v = m'v ! + m"v n f 

and hence the point (y, $, u) referring to the complex lies on the 
straight line joining the points (y\ s\ u f ) and (y n , s n } u") } and is the 
centre of mean position, or centre of mass of masses m\ m" at the 
two points (y\ s f , u ! ) and (yf ! 9 s", u n ). The locus of such points is 
the developable surface enveloped by the double tangent plane to 
the (y, s, u) surface of the two phases. 

Similarly for a complex of masses w!) m n } m ,n of three phases 
at the triple point the volume, entropy and energy per unit mass of 
the complex are the coordinates of a point on the triple tangent 
plane which is the centre of masses m\ m", m w at the respective 
points of contact. 

Now take the plane of (v, s) as the plane of projection; let 
S, L, V be the projections of the points of contact of the triple 
tangent plane corresponding to the solid, liquid and gaseous states, 
and let the thick curved lines represent projections of the loci of 

BRYAN, Thermodynamics. 12 
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points of contact of the double tangent planes. Then any point on 
the triple tangent plane within the triangle LVS represents a complex 
of three phases, any point on one of the developable surfaces between 
the triangle and the curved lines represents a complex of two phases, 
and any point outside these regions represents a simple phase only. 
The continuity of the liquid and gaseous states is accounted for 
by supposing that as the double tangent plane rolls, the two points 
of contact ultimately coincide at some point which represents the 
critical point. 



QitiaiLTt, 




Solid, 



O 



Fig. 22. 



The thermodynamic surface remains concave towards the direction 
of v positive to some distance within the curved lines, and if the 
dotted lines represent the limits of concavity the substance can exist 
in a metastable state represented by points on the surface between 
the dotted and continuous lines. The curves bounding the absolutely 
stable and metastable regions touch at the critical point, as may be 
shown without difficulty. 

172. The surface of dissipated energy. This name has been 
given to the composite surface made up of 

(a) the portions of the thermodynamic (v, s, u) surface beyond 
the lines of contact of the double tangent planes which therefore 
represent essentially stable states, 

(b) the developable surfaces joining the points of contact of 
double tangent planes representing all complexes of two phases, and 
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(c) the plane triangle formed by the triple tangent plane which 
represents all complexes of three phases. 

This surface represents the locus of all points at which the 
energy is a minimum for given volume and entropy consistently 
with the thermodynamic properties of the substance. It therefore 
represents all absolutely stable states of the working substance. 

It should be noticed that in the case of a substance, like sulphur, 
which is capable of existing in four different phases (not all at the 
same pressure and temperature) and which has three triple points, 
the surface of dissipated energy will include three triple tangent 
planes as well as the different developable surfaces (six in number) 
connecting them. 

173. Representation of a complex in the (p, T, f p ) diagram. It 
is easy to see that the volume, entropy and energy of an actual 
complex are represented in the (p, T, f^) model by the coordinates 
(tangential as previously specified § 229) of a plane (L say) whose 
equation may be written, for the respective cases of a double or 
triple point in the forms 

(325) m'L' + m"L" = 
or 

(326) m'L' + m"L" + m f "L w = 

where m', m n ', m w represent masses of the phases occurring in unit 
mass of the respective complexes and 

27 = 0, Z" = 0, L'" = 

are the tangent planes to the sheets of the (p, T, f^) surface representing 
the corresponding phases. 

If the f^ axis is measured upwards the surface of dissipated 
energy consists of the portions of the thermodynamic surface which 
are convex upwards and extend up to but not above the double lines. 
The portions above these lines which are convex represent metastable 
states (§ 141). There is no region representing a complex, but when 
a substance passes in gradually increasing quantity from one phase 
to another the representative plane L turns in contact with the 
double line on the upper side of the surface from one tangent plane 
to the other. 

174. Cases where the composition is variable. Except in the 
case of a simple system the number of variables is too great to 
enable the thermodynamic properties to be completely represented by 
a model in three dimensional space. If there are two components 
we have one variable too many, if there are three, we have two 
variables too many. It is necessary therefore to assume some further 

12* 
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condition or conditions before a model can be constructed. The most 
interesting applications of thermodynamic surfaces are those which 
refer to 

(1) a mixture of two components when the pressure is kept 
constant, 

(2) a mixture of three components when the pressure and tem- 
perature are both constant. 

For more than three components the proportions of which are 
capable of independent variation a model in three-dimensional space 
is no longer sufficient. 

The choice of coordinates depends mainly on the problem to be 
studied. For a detailed discussion of experimental aspects of the 
problem the reader is referred to the many excellent treatises on 
physical chemistry. 

For the purposes of theoretical discussion the best variables to 
take are the partial potentials of the components, with the temperature 
as a third variable if there are only two components. For practical 
purposes the variables should be so chosen as to specify the percentage 
composition of the mixture. 

175. The partial potentials of the components as coordinates. 

Consider first a mixture of two components a, i at constant pressure p, 
and take as coordinates 

Then since by the properties of the mixture p is a function of /j a , n b 
and T, the equation 

(327) p = constant 

determines a surface which is the thermodynamic model of the 
mixture at constant pressure p. 

Moreover the points of intersection of two or three sheets of the 
surface determine states of phase equilibrium between two or three 
phases respectively. 

From the equation 

— vdp + sdT + Zmdy, = 
it follows that the equation of the tangent plane can be written 

(328) {x - iL a )m a + (y- ii b )m b + ($ - T)S = 0. 

Hence if the tangent plane is cut by the plane % = constant, its 
trace on that plane makes with the axis of z an angle whose tangent 
is — m a m b and this determines the ratio of m a to m bf the actual 
masses in a unit mass of mixture being got by putting 

m a + Mb = 1- 
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Again put 

x = y = r cos 45° 

in the equation of the tangent plane ; then remembering m a + m b = 1 
we get 

(329) zS + -f-rj/2 = constant. 

Hence if (p be the inclination to the axis of of the line in 
which the tangent plane meets a plane making angles of 45° with 
the axes of x and y y 

(330) tancp = /Sy2 

and hence the direction of the tangent plane determines not only 
the composition of the mixture but also its entropy per unit mass. 
This information is useful in determining whether a given change of 
phase is accompanied by absorption or evolution of heat. 

176. In the case of three components, the equations 

p = constant, T = constant 

determine with the fundamental equation of the mixture a single 
equation between ii a , ii bi /i c so that taking the coordinates to be 

# ~ Pa* y = Pb, ^ = Pc 

the point (x, y } 0) lies on a surface which is a thermodynamic model 
of the mixture at temperature T and pressure p. 
The tangent plane to the surface is given by 

(x — ii a )m a + {y — ih)m b + (0 - fL )m c = 
or 

(331) m a x + m b y + m o — f p = 0. 

The direction of the tangent plane thus determines the percentage 
composition of the mixture and its position determines the potential \ p 
(which however is known independently when m a) m b , m are known as 
well as the partial potentials). 

If we put m a = we see that the tangent plane is parallel to 
the axis of x. This is true whether we are dealing with two or 
three components. The curves determined by this condition and by 
similar conditions representing the absence of the other component 
or components determine the boundary of the thermodynamic surfaces. 
The bounding curve m a = is the line of contact of an enveloping 
cylinder whose generating lines are parallel to the axis of x. 

If through any point P of this boundary a line be drawn 
parallel to the axis of x and meeting another sheet of the thermo- 
dynamic surface in a point Q on the negative side of P, equilibrium 
will exist between the phase represented by Q and the phase with 
the absent component represented by P. 
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177. Case of two components when one coordinate determines 
the percentage composition. If x and 1 — x are the masses of the 
two components in unit mass of a mixture we may take as co- 
ordinates x, T and f^, x lying between and 1, and the thermo- 
dynamic surface will then be given by p = constant. 

The equation 

d\ p = — SdT+ 7dp + 2[idm 

= -SdT+(ii a -ti b )dx 

shows that the equation of the tangent plane may be written in the 
form 

(332) g-fc--S(y-T) + Qi a - ^) (x* - x) 

if we write x' for the coordinate on the tangent plane. We have 
moreover 

whence the equation of the tangent plane becomes 

(333) z = -S(y-T) + fi a x f + p b (1 - x'). 



The tangent line in the plane y = T is given by 



(334) 



£ = ll a X f 4- ^ft(l— #') 



and hence ii aj yb b are 
the intercepts which 
it cuts off from the 
lines x f = 1, x 1 = 
respectively. 

If two phases are 
in equilibrium, they 
lie in the same sec- 
tion T = constant, 
and we now see that 
they have a common 
tangent line in that 
plane. It readily fol- 
lows that in any sec- 
tion, a double tan- 
gent line will repre- 
sent a complex of 
two phases, and the 
essentially stable sta- 
tes at temperature T will be represented by points on the convex 
line found by the sections of the thermodynamic surface and its 
double tangents. 




Critical Point 

Region of7wmogeneoiLS solution. 



Con cen tratioTi 



Pig. 23. 
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Now making T variable let the double tangent move along the 
surface always remaining parallel to the plane y = 0, and let the 
curves which it traces on the surface be projected on the plane of 
(x, T). We shall thus have the plane divided into regions, showing 
the limits of percentage composition and temperature corresponding 
to single phases or a complex of two phases. These are the concen- 
tration and temperature diagrams commonly found in treatises on physical 
chemistry, and Fig. 23 shows an example of them, giving the relation 
between the concentration of a solution of dimethylamine in water 
and the temperature. 

178. Case of three components. — Use of triangular coordinates. 
For three components the masses per unit mass of the mixture are 
connected by the relation 

m a + m b + m c = 1 

and a convenient way of repre- 
senting quantities of this kind 
in a plane is by the use of axial 
or triangular coordinates. If 
ABC is any fixed triangle, 
M any point in its plane, and 
if a y P ? y denote the ratios Fig. 24. 

ABMG AC MA AAMB 
AABC' AABC' AABC' 

a } jS, y are the triangular coordinates of M. and satisfy the relation 

« + f +y-l. 
We may take a, /3, y to represent the masses of the components and 
a line MP perpendicular to the plane to represent the potential f^, 
so that the coordinates of P will be 

a — m aj p = m h y = m c , z = fp 

and the thermodynamic surface is given by 

p =* constant, T = constant. 

Substituting these values in the differential equation 

d\ p = - SdT +vdP+ZJti dm, 
and noting that 

\ p = Z[ini, 1 = 2Jm 

the equation of the tangent plane reduces to 

(335) = apa + fiti b + yti c . 

Putting (5 = 0, y = 0, a = 1, we get z =- (i a - Hence the potentials 
Pa, p b) yb are the heights of the tangent plane above the vertices 
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A, B 1 G\ the condition of phase -equilibrium requires that the points 
representing the three phases shall have a common double tangent 
plane. The points of contact of these double tangent planes will 
divide the triangle ABC into regions representing the limits of per- 
centage composition of single phases and of complexes of two phases. 

In- forming the surface of dissipated energy the double tangent 
plane must be rolled on the upper side of the bounding curves in 
the planes, a = 0, $ = 0, y = 0, thus determining the regions 
representing complexes in which one constituent is absent from one 
of the phases, and it must also be turned about the highest points 
on thermodynamic surfaces above the vertices of the primitive triangle, 
thus determining regions in which one of the phases contains only 
a single constituent. 

Fig. 25 (after Wilder D. Bancroft 1 ) is an instance of the diagrams 
occurring in treatises on physical chemistry, the three components in 
this case being the nitrates of lead, potassium and sodium. It differs 




Fig. 25. 



from the theoretical diagrams discussed above in the fact that the 
temperature is not the same at all points. To be complete, the diagram 
would have to be crossed by a series of isothermal lines. For a more 
detailed discussion the reader is referred to the treatises in question. 



1) Phase Rule. 
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Description of Figure 25. 

A is corner for KN0 3 . 

B is corner for Pb(N0 3 ) 2 . 

C is corner for NaN0 3 . 

At D KN0 3 and NaN0 3 are in proportions corresponding to 
eutectic alloy. 

^= eutectic alloy of KN0 3 and Pb(N0 3 ) 2 . 

F = eutectic alloy of NaN0 3 and Pb(N0 3 ) 2 . 

Along DO, solid phases are K and Na nitrates; 

Along EO, solid phases are K and Pb nitrates; 

Along FOj solid phases are Na and Pb nitrates. 

At exists nonvariant system of K, Pb and Na nitrates, solu- 
tion, and vapour. 

Field ADOE represents a divariant region of KN0 3 , solution, 
and vapour. 

Field CD OF represents a divariant region of NaN0 3 , solution, 
and vapour. 

Field BE OF represents a divariant region of PbN0 3 , solution, 
and vapour. 

179. Dynamical Model of Carnot's Cycle. The equations of 
reversible thermodynamics being analogous in form to those of 
rational mechanics with the addition of one extra independent variable 
and the corresponding dependent variable obtained by the differentiation 
of a potential function (the variables being temperature and entropy, 
and the function being the suitable thermodynamic potential), it 
naturally follows that a dynamical model can easily be constructed 
which is capable of representing the phenomena of reversible thermo- 
dynamics. 

A very simple model of a simple system is shown in the 
Fig. 26, on p. 186. A shaft which can rotate freely about a vertical 
axis carries an projecting arm on which a bead of mass m can slide, 
and the distance r of the bead from the axis can be varied by pulling 
a string passing over a pulley and through the middle of the shaft. 
To prevent the string from twisting indefinitely with the rotation 
of the shaft a small swivel may be fixed in its vertical part. We 
suppose work done by the tension of the string to represent the 
mechanical work dW of thermodynamics, whereas work done by 
applying a couple about the axis of the shaft represents the communi- 
cated heat dQ. The source and refrigerator of Carnot's cycle may 
be represented by flanges rotating above and below the vertical shaft 
with constant angular velocities g) 1 and o 2 respectively. Heat com- 
munication may be represented by bringing one of these flanges into 



Moving mass. 



Arm, 



Refrigerator 
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contact with flanges fixed to the shaft itself (as shown in the figure). 
If two flanges are only brought into contact when their angular velo- 
cities are equal the motions will be conservative and reversible as in 

the thermodynamical process 

^\|J^ where the working substance is 

Source only brought into contact with 

the source or refrigerator when 
their temperature are equal. 

The four processes of Car- 
no t's cycle will be represented 
as follows: 

(1) The shaft starts with 
angular velocity a 2 and is dis- 
connected from both flanges. 
The string is pulled till the 
angular velocity of the shaft 
becomes equal to g^ the angular 
momentum- remaining constant 
and the moment of inertia de- 
creasing, 
rig. 26. (2 J The shaft is connected 

with the "source" G> t and absorbs 
energy Q x from it, this energy causing the bead to fly outwards and 
a certain quantity of external work being done by the tension of the 
string. 

(3) The shaft being disconnected and free undergoes an "adiabatic" 
transformation in which the angular momentum remains constant and 
the angular velocity decreases from a> 1 to co 2 as the bead recedes 
further from the axis. 

(4) The shaft is now connected with the "refrigerator" o 2 an ^ 
the bead slowly drawn back to its initial position, energy Q 2 being 
given to the refrigerator. 

A Watt's governor with a similar arrangement of rotating flanges 
for the source and refrigerator will lead to an essentially identical 
cycle. 

If & is the angular coordinate of the shaft, I the moment of 
inertia apart from the bead ; the energy of the shaft is 

L - y (I + mr 2 ) - # 2 = ~(I+ mr 2 )a> 2 
and if h is the angular momentum 




h = (I + mr 2 ) (Oj L = — ho. 
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If G is the couple applied to the shaft, Lagrange's equation of 

motion gives 

p d (dL\ dL dh 

di \d^J ~ dlf ~~dt 

and the work done by this couple while in contact with the source 
is given by 

dQ 1 = G(d 1 dt = w 1 jr di 
whence for the whole work 

Qi = ^i (*i - K) 

where \ and \ are the initial and final angular momenta. Similarly 
for the work energy communicated to the refrigerator 

Q 2 = (d 2 (\ — h 2 ) 
leading to 

(336) & = &. 

This equation is exactly analogous to the equation 

Q 1 = Q 1 

of Thermodynamics. Angular velocity represents temperature and 
angular momentum represents entropy. 

A further analogy is afforded by the fact that work done by 
the pull of the string represents available energy, whereas work 
cannot be obtained through the angular coordinate by reversible 
methods except by bringing the shaft into contact with another shaft 
rotating with the same angular velocity; energy communicated in this 
way is therefore not wholly available (compare also §§ 43, 44). 

We notice that in the more general case when the shaft has a 
couple Gr applied to it in any manner 

(337) dQ = <Dj-dt = adh 
so that 

— = dh, analogous with -^ = ds. 

But cd is not the only integrating divisor of dQ. The most general 
form of integrating divisor is cd multiplied into a function of h, and 
the energy L is itself an integrating divisor, thus 

(338) d Q = 2^- = dlogW 

another analogue of the thermodynamic equation, L taking the place 
of temperature and log h 2 + const, the place of entropy. Since 
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h 2 = 2(I+mr 2 )L 

the expression for the entropy in this case takes the form 

(339) 5 = log L + log (I + mr 2 ) + const. 

resembling more closely the form for a perfect gas 

s = y v log T + B log v + const. 

and affording confirmation of the view that temperature is a quantity 
of the nature of the kinetic energy. 

The analogy with thermodynamics does not extend to the irre- 
versible processes arising when two shafts with unequal angular 
velocities are brought into contact. • In the dynamical model the 
angular momentum or entropy remains constant and the energy 
decreases. 

180. Monocyclic systems. The model described in the last para- 
graph is an example of what von Helmholtz calls a monocyclic system 
or system containing one circulating motion; a system containing 
more than one circulating motion is called polycyclic, and both are 
included under the general name of cyclic system. The coordinates 
defining the circulating motions are called cyclic or uncontrollable 
coordinates; (so that the angular coordinate of the shaft of the above 
model is a cyclic coordinate). The remaining coordinates (such as 
the distance of the sliding mass from the axis) are spoken of as 
controllable or non-cyclic. Exact definitions of these terms are given 
by the following assumed properties of the system: 

(1) The kinetic and potential energies of the system do not depend 
on the cyclic coordinates themselves, but the kinetic energy is a 
function of their rate of change. 

(2) In variations of the state of the system the rates of change 
of the non- cyclic coordinates are small and the same applies to the 
accelerations of both classes of coordinates. 

Let q a} q b be types of the generalised position coordinates, the 
suffixes a, b referring respectively to non-cyclic and cyclic coordinates. 
Let p a , p b be the corresponding impulse- coordinates or generalised 
momenta, P a , P 6 the force -coordinates so that Pdq represents the 
work done on the system in the displacement dq. Then if U denotes 
the total energy expressed as a function of the position and impulse- 
coordinates, i, V the kinetic and potential energies, Hamilton's 
modification of Lagrange's equations gives for either class 

dt ~~ dp~ dp and r ~dt + dq * 
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In virtue however of the above assumption as to q b , we have 






and if dQ is the whole work communicated through the coordinates 

q b in time dt 

dp h dq h 
dQ = EP b dq b = E-^-^dt = Zq b dp b 

where 

d % 
^ = ~di- 

If L is the kinetic energy, L is expressed in the above method 
as a homogeneous quadratic function of the momenta p a} ]? b , therefore 

or ^/ dL . dL\ „/ *% dq b ^ 

2L - E \P^W a +Pb W b ) = 2 \ Pa ^ + ^-¥) 

= 2Jp b q b (neglecting q a as assumed). 
For a monocyclic system we therefore have 

(340) ^ = dp b , ^ = 2d log p b 

so that either q b or L is an integrating divisor of dQ. These results 
are analogous in formf to the thermodynamic equation 

d 4=ds 

but as Helmholtz points out, it is more difficult to obtain dynamical 
properties representing temperature equilibrium between two bodies, 
especially seeing that the condition for this in thermodynamics is that 
the integrating divisors of dQ for the two bodies are equal. As to the 
phenomena of heat flow between unequally heated bodies, a purely 
dynamical representation is precluded by the very character of the 
assumed dynamical equations, unless recourse is had to arguments of 
a statistical character, and even then, some assumption must necessarily 
be made. 

A polycyclic system does not in general possess an integrating 
divisor for dQ. If however the changes which take place in it are 
such that all the cyclic velocity coordinates are always increased or 
decreased in the same ratio, then L will be an integrating divisor 
of dQ. It is to be observed that in this case the velocities are all 
expressible in terms of a single variable so that the system really 
remains monocyclic. 

This condition is satisfied by a large assemblage of molecules 
whose velocities are distributed according to the usual Boltzmann- 
Maxwell Law of the Kinetic Theory of Gases, provided that the 
variations represented by dQ take place so slowly that this law of 
distribution continuously re-establishes itself. 
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181. The Clausius-Szily System. — Stationary or Quasi Periodic 
Motions. The results arrived at as the result of a number of papers 
published by Clausius and Szily between the years 1870 and 1876 
may be said to lie on the borderline between non- statistical and 
statistical methods. In this method we consider a number of molecules 
whose motions individually are uncontrollable and for simplicity we 
shall represent them by masses m x at (pc 1> y 1J z 1 ), m 2 at {pc 2} y 2 ,^ 
and so on. We suppose in addition that there are certain controllable 
coordinates, q l9 q 2 , q Bf . . . entering into the expressions for the energy 
of the system; thus for a mass of gas, the volume of the containing 
cylinder would be a coordinate of this character. The changes of 
these coordinates are so slow compared with the motion of the 
molecules that their velocities are neglected and the kinetic energy 
is therefore entirely molecular. We assume that the character of the 
motion is capable of variation independently of the coordinates 
Qit Q.2) - • • an ^ that' d $ represents energy imparted to the system by 
this independent variation. Taking L and V to be the kinetic and 
potential energies we have 

XTT ^f dV S> . dV X , dV X \ . Xi dV A 

From the methods of the Principle of Least Action 

h 
d j 2Ldt = \zm (x Sx + y dy + h dz)T 

+ ({dL- Urn (xdx + ydy + z Ss)} dt. 



h 
By D'Alembert's principle 

— 2m (xSx + ySy + 'd dz) 

vt dy & , dy & , d y x \ 

=I] [d^ Sx + ^ d y+- d j s v 

^SV-E^Sq 

where 8W is the external work done through the q coordinates. 
Also by conservation of energy or the first law 

SQ = dV + 8W= SL + SV+ dW. 
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It readily follows that 



S j 2Ldt = \um(xSx+ ydy + ids)T+ JdQ 



S 



Putting t 2 — t t — ni where n is any numerical quantity whatever 
(integral or fractional), and using a bar drawn over the letters to 
represent mean values taken over the time interval ni, the first and 
last integrals become nd\2iL) and nidQ and we obtain 



\Zm (x dx + y dy -f z dz)\ 



^L = sio g (izy- 

Now there are many definite systems performing definite motions 
in which we are justified in assuming that the time interval 

t 2 — ti= ni 

may be so chosen that the term 

(341) [2m(xdx + ydy + id^f**' 

either vanishes or lies between finite limits however large be the 
value of n, so that by making n sufficiently large the quotient of 
this expression when divided by niL may be made as small as we 
please. And the value of d log (iL 2 ) is not affected by replacing i 
by a numerical multiple of i, that is by altering n, if the mean 
value L is taken over the same time interval ni. Such cases may 
be specified by introducing the term "quasi periodic" to characterise 
the particular systems performing the particular motions to which 
this assumption applies, and we then obtain the property that L 
is an integrating divisor of SQ the quantity taking the place of 
entropy then taking the form log \iL) . 

At the same time the interpretation of the quantity i raises 
difficulties which have to be examined in detail in applying the method 
to any particular case. 

182. Energy accelerations. By introducing the concept of energy 
accelerations it is possible to obtain for a conservative dynamical 
system relations analogous in form and dimensions to the temperature- 
relations which determine the equilibrium or non-equilibrium of heat, 
such relations being compatible with the view that temperature is a 
quantity of the nature of molecular kinetic energy and is therefore 
a homogeneous quadratic function of the velocity -coordinates of the 
system. 
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Considering a system of masses m at points (x, y, z) moving 
with velocities (u, v, w) and supposing the potential energy due to 
their mutual actions as well as to the field in which they are placed 
to be V and taking the equations of motion 

du d*x dV 

at dt* ox 

and supposing the suffixes 1, 2, . . . to refer to different particles, it 
will be found that if we form the first differential coefficients with 
respect to t of the squares and products, such as 

u 2 , uv, u x u 2i v x v 2 , . . . 

the signs of these will be reversed by reversing all the velocities 
and this is not what we want, but if we form the second differential 
coefficients 

d* 2 d* , . 
w u\ ^ (•»),... 

which we call the accelerations of these quantities, these can be 
expressed in the form of quadratic functions of the velocities plus 
constant terms. 

These forms show that the accelerations thus defined are 
unaltered in sign when the velocities are reversed in sign, and that 
the squares and products in question obey differential equations of 
the second order analogous in form to the equations of ordinary 
dynamics. For instance we should have 



A 
dt 



*/l 2 \ 1 (dV\* u x ^n( d . d , d\dV 



The variables (other than position variables) occurring in these 
equations include those necesssary to define the components of kinetic 
energy corresponding to the different particles and coordinates, and 
the equations may be thus used to determine the conditions of energy- 
equilibrium as well as the variations of the energy-components relative 
to their equilibrium values, just as we consider in Dynamics equilibria 
of position and motions relative to states of equilibrium, determined 
by the accelerations of the position coordinates. 

If two collections of particles be brought within working distance 
of each other the new state of energy-equilibrium must be determined 
with reference to the system as a whole, and energy -accelerations 
will be set up different to those which existed previously. These 
will be of such a character as to bring the systems towards a stable 
distribution or away from an unstable distribution just as two unequally 
heated bodies when placed in contact tend to a stable state of 
uniform temperature. 
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A simple illustration of redistribution of energy is afforded by two 
pendulums of nearly equal mass and period brought within each other's 
influence. If one is swinging and the other initially at rest energy 
passes from the former to the latter and back so as to make the 
average energy the same for both when taken over a cycle of changes. 
With two pendulums it is easy to separate them when the energy 
is all in one, but if we had a hundred pendulums and the average 
energy of fifty of them were initially different by a finite amount 
from that of the rest, the energies of the pendulums would fluctuate 
about an average distribution so that after a short time the average 
energy of the first fifty would never differ from that of the others 
by more than a very small fraction. 

183. Duhem's Theory of false Equilibria. According to the 
theories of chemical equilibrium as previously discussed a substance 
S will pass from one phase to another as soon as its potential in 
the first phase becomes greater than in the second, and vice versa. 
In a thermal diagram, according to this view, the curve of transition 
from phase 1 to phase 2 will be identical with the curve of tran- 
sition from phase 2 to phase 1, and will be the locus of points for 
which the potentials in the two phases are equal. Now it is found 
in practice that two phases may often remain in contact without any 
change taking place even when the conditions of equilibrium obtained 
by the methods of conventional — or as Duhem calls it "classical" 
Thermodynamics are not satisfied. In such cases the curve of 
transition from phase 1 to phase 2 will be different to the curve 
of transition from phase 2 to phase 1, and the curve of true equilibrium 
will be bordered by a region of "false equilibrium" in which the sub- 
stance will remain in whichever phase it happens to be without 
any change taking place. If the borderline of this region is reached 
an explosion not unfrequently accompanies the change. These cases 
of false equilibrium have been explained by Duhem on the assumption 
of a resistance analogous to friction which tends to prevent a sub- 
stance from passing from one phase into another. If the difference 
of potential in the two phases is less than the friction, the system 
remains in false equilibrium, if it is greater the false equilibrium 
breaks up. As in mechanics, the friction always acts in the opposite 
direction to that in which transformation tends to take place, and 
the amount of friction called into play is just what is necessary to 
prevent a change from taking place, provided that this amount is 
less than the limiting friction. 

This frictional resistance differs from viscosity in that the latter 
diminishes indefinitely with the rate of change or velocity. A 
resistance of the latter character merely retards the tendency to 

BRYAN, Thermodynamics 13 
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assume a state of equilibrium, but can never maintain the system 
indefinitely in a different state; it would not therefore account for 
phenomena like false equilibria. The conditions under which an 
explosion occurs when a state of false equilibrium is broken have 
also been investigated by Duhem, who has shown that they admit 
of a simple geometrical interpretation. 

An example of false equilibrium is afforded by a mixture of 
oxygen and hydrogen at ordinary temperatures. If the mixture is 
ignited by an electric spark a violent explosion takes place. 

A mechanical illustration is afforded by a cylinder containing 
gas, furnished with a tightly fitting piston, between which and the 
cylinder friction acts, and on which various loads can be placed. 
In the absence of friction, the load would by Boyle's law be 
inversely proportional to the volume, and the curve representing 
the relation between volume and load would be a rectangular 
hyperbola. Owing to friction however this "curve of true equilibrium" 
is bordered by a region of false equilibrium, and the boundaries of 
this region will be rectangular hyperbolas above and below the 
curve of true equilibrium at distances from it representing the limi- 
ting force of friction. One of these boundaries will represent the 
relation between volume and load when the piston is ascending, the 
other when the piston is descending. 1 ) It should however be 
mentioned that differences of opinion exist regarding Duhem's theory. 

1) J. W. Mellor, Chemical Statics and Dynamics, London, Longmans, 1904. 






CONCLUSION. 

GENERAL SUMMARY OF THE FOUNDATIONS 
OF THERMODYNAMICS. 

In all the transformations of a material system considered in this 
book there is a certain entity which 

(1) Remains constant in quantity, 

(2) Is capable under certain conditions of assuming the forms of 
kinetic and potential energy which are dealt with under the study of 
Rational Dynamics. 

This entity is called energy. 

As it is only possible to study changes of energy the expression for 
the energy of a material system necessarily contains an unknown constant. 

Irreversible transformations exist, and if such a transformation can 
take place it will do so. A reversible transformation can only be regarded 
as the limiting form of an irreversible one. 

An irreversible transformation involving energy must from the very 
nature of irreversibility transform energy into forms which are less capable 
of further transformation than they were previously, and this fact is 
expressible by the statement that such a transformation involves a loss 
of availability. 

In order that the irreversible effects of different transformations 
should be capable of comparison and quantitative measurement it is 
necessary that compensating transformations should exist. In all the 
problems considered in this book, it has been assumed that this is the case. 

When irreversible changes have occurred in the interior of a finite 
system we accordingly assume that the system itself can be brought back 
to its initial state by a compensating transformation, but in this case 
changes must take place in some other part of the universe. An irre- 
versible transformation thus leaves an indelible imprint somewhere or other 
on the progress of events in the universe considered as a whole. 

The kinetic and potential energies considered in rational dynamics 
are under all conditions to be regarded as wholly available for trans- 
formation into other forms. We shall call these forms of energy mechanical 
energy or shortly work. 

We may therefore measure the loss of availability of an irreversible 
transformation by the loss of energy capable of being transformed into 
work or kinetic and potential energy of visible motion, that is by loss 
of available energy. It is however necessary to specify more fully the 
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conditions under which energy is transformable in order to render the 
notion of available energy definite. 

The various forms of kinetic and potential energy occurring in 
phenomena that can be studied by the methods of reversible dynamics, 
with the exclusion of statistical methods as applied to molecular dynamics 
are in general to be regarded as wholly available energy. 

Under this heading we include those forms of energy occurring in 
hydrodynamics and elasticity, where the equations of reversible dynamics 
are applied in conjunction with the methods of the infinitesimal calculus. 

Such applications involve the conception of differential elements 
which are large compared with the molecular structure of matter but 
sufficiently small to define the properties of matter treated in reversible 
dynamics. The conception of such elements is involved in the definitions 
of pressure and density "at a point". 

While the notion of a differential element is necessarily an artificial 
one and it is not possible a priori to draw a hard and fast line between 
energy which is and energy which is not available under all circumstances, 
experience shows that in a large number of physical phenomena the 
distinction is well marked. It is in such cases that thermodynamical 
methods become applicable. 

Energy can be transferred from one body to another or from one 
differential element of a body to another, otherwise than by the per- 
formance of work. In such cases the energy so transferred is called heat 
and the quantity of energy so transferred is called the quantity of heat 
passing from the one body or element to the other. 

Energy communicated to a body in the form of heat is in general 
partially but not wholly available for conversion into work, the proportion 
which is available depending on the .physical state of the body and the 
external conditions to which it is subjected. Hence we cannot speak of 
a system as containing a definite quantity of heat or a definite quantity 
of work. 

Passage of heat from one body to another is usually irreversible 
and therefore accompanied by a loss of available energy. If we define 
A to be hotter or colder than B according as available energy is lost 
or gained by the transference of heat from A to B y it follows that heat 
can and in general will pass from hotter to colder bodies, but the reverse 
change can only be effected by combining it with a compensating trans- 
formation. When no transference of heat tends in either direction the 
bodies are said to be in thermal ^equilibrium. 

Carnot's cycle reversed is a compensated reversible transformation 
by which heat can be continuously taken from a colder and given to a 
hotter body or vice versa without loss of availability (§ 63). In this 
case the compensating transformation takes the form of work absorbed 
or produced. 

The ratio of the quantities of heat passing to and from two bodies 
in a Carnot's cycle is called the absolute temperature -ratio of the bodies, 
and leads to a definition of absolute temperature which is in accordance 
with all the ordinary properties of temperature (§ 63). 
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Absolute temperature as thus defined in thermodynamics contains an 
indeterminate constant factor depending on the magnitude of the unit or 
degree which is arbitrary, and must be fixed by convention. 

That thermal equilibrium between two bodies is unaffected by dis- 
placing the bodies so as to alter their relative position or orientation is 
not a self evident truth. On the contrary this property is deducible from 
a certain assumption as to the nature of the forces between the bodies, 
(§ 62). 

The conception of temperature at a point of an unequally heated 
body rests on conventions similar to those employed in defining pressure 
at a point or density at a point in ordinary dynamics, and involves the 
consideration of differential elements. The property that the temperature 
at a point of a material body is the same in all directions depends on 
an assumption similar to that mentioned just above. 

An isolated ' system will tend to a state of stable equilibrium in 
which the available energy is a minimum subject to the conditions that 
the total energy is constant, and it follows that the unavailable energy 
will be a maximum. In this state of equilibrium thermal equilibrium 
must exist between all parts of the system, i. e. they must be at the 
same temperature. 

Let a finite system be in the presence of an indefinitely extended 
material medium all of whose parts are in thermal and mechanical 
equilibrium and therefore at a uniform temperature T . Let the system 
undergo any change, such, for example as an irreversible internal change, 
or the communication of heat from without, this heat representing energy 
which is not wholly available under the conditions postulated. Then the 
increase of non- available energy produced by the change is proportional 
to the absolute temperature T of the medium. This increase when 
divided by T Q is therefore a quantity depending only on the changes 
which take place in the system and not on the temperature of the medium. 
This quantity is called the increase of entropy produced in the system 
by the given transformation. From this increase the entropy of the system 
is defined, but its expression contains an unknown constant entering in the 
same form as an integration constant. 

In some irreversible transformations the change of entropy can be 

expressed as a sum of differentials of the form -^ in many others it is 

impossible to do this in any simple way. 

Entropy is increased by irreversible transformations, but can never 
decrease. If a finite system is put through an irreversible cyclic change, 
there must be an increase of entropy somewhere outside the system. 

When the available energy of a system is a minimum it follows 
from^the ordinary properties of maxima and minima in analysis that its 
differential in general vanishes to the first order. For this reason the 
equations of reversible thermodynamics are in general applicable to 
investigate the conditions of thermodynamic equilibrium. The inequalities 
of irreversible thermodynamics are required in discussing stability of 
equilibrium. 
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The properties of systems in thermodynamic equilibrium are thus 
made to depend on potential functions similar to those occurring in 
statics, but with the addition of one further variable. By suitable modi- 
fications of the potential function this variable may be made to be the 
temperature. If such a potential function is known as a function of the 
corresponding variables for a given system the thermodynamic properties 
of the system are completely defined. 

The thermodynamic properties of a simple system as represented by 
a homogeneous fluid are completely specified by the following data, or 
their equivalents: 

(a) The pressure as a function of the volume and temperature for 
all volumes and temperatures. 

(b) The specific heat at constant volume as a function of the tem- 
perature alone at one particular volume only. 

The properties of a reversible thermo-electric network are determined 
by a single function which represents at any point the quantity of entropy 
gained by carrying a unit charge to that point. From the effect of 
electric currents on the localisation of both available and unavailable 
energy it appears that entropy must be regarded as capable of being 
located in an electric charge. 
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K. 

K 8; 

Kamerlingh Onnes Dr. 139; 

Kelvin, Lord 15, 20, 90, 128, 167, 168; 

Kelvin's Expressions for available 

energy 90; 
— First Scale 20; 
Kilogram Calorie 4; 
Kinetic Theory of gases 189. 



1) The word „heat" occurs so frequently and is used in so many different connections that 
it has purposely been omitted from the index. To index it separately would have involved a large 
amount of repetition. 
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L 29; 

lp, lv 9; 

I 10, 147; 

Latent heat of expansion 9, 21, 108, 112; 

— of pressure -variation 9, 21, 108, 112; 

— relation with temperature 150; 

— of transformation 10, 11, 147; 
Leathern 38; 

Line, Steam, Ice, hoar-frost 144; 
Localisation of energy 31; 

and entropy, Effects of Currents 

on 173; 

— of entropy 78; 
Locke 13; 
Lummer 99; 

Lussac's (Gay) Law 117. 



m. 

Mariotte 7, 116; 
Massieu, F. 93; 
Maximum density 12, 26; 
Maxwell- Bolt zmann distribution 189; 
Maxwell's Four thermodynamic rela- 
tions 109; 
Mayer, Robert 13; 
Mechanical energy 44; 

— equivalent 14; 

— freedom 6; 
Medium, Auxiliary 57; 

— Granular or Newtonian 30; 
Mellor, J. W. 194; 

Metastable and essentially stable 143; 
Mixture, Gas 121; 

— Potential of a 126, 160; 

— Homogeneous 152; 

— Partial potentials of the Constituents 

of a 150; 

— Whole entropy of 122; 

Model of Carnotfs Cycle, Dynamical 185 ; 

— Thermodynamic 174; 
Modulus of elasticity 9, 113; 

— Young's 96; 
Molecular volume 118; 
Monoclinic 146; 
Monocyclic System 188; 
Moutier's Rule 146; 

Moving body, Temperature of 55; 
Mutual potential energy 32. 



Newtonian or Granular Medium 30; 

Non- Conservation of heat 14; 

Non- reversible transformations 67, 113. 



O. 

Onnes, Dr. Kamerlingh 139; 
Optical Methods do not increase avai- 
lability 103. 



P5; 

Partial differential Coefficients 23; 

— potentials of the Constituents of a 

mixture 150; 

— as Coordinates 180; 
Peltier 167; 

Perfect differential 108; 

— gases 116: 

— reflector 104; 

— refractor 104; 
Phase, Changes of 10; 

— equilibrium 12, 140, 156; 

— Rule 145, 146, 158; 
Phlogiston 13; 
Physically Small 38; 
Physical State 40; 
Planck 106, 126; 
Plug, Porous 128; 

Inversion of effect 131; 

Point Critical 12, 137; 

— of maximum density 12, 26; 

— Temperature at a 54; 

— Triple 11, 144, 150; 
Poisson 119; 

Polar reciprocation 176; 
Polycyclic 188; 
Porous plug 128; 

Inversion of effect 131; 

Potentials 91, 119, 123; 

— Constants in the 94; 

— partial, of constituents of mixture 150 ; 

— as coordinates 180; 

— Determination of 132; 

— Thermodynamic, expression in terms 

of 111; 
Potential of a gas mixture 126, 160; 
Pressure, Critical 12; 

— Radiation 100; 

— Specific heat at Constant 8; 

— temperature -potential Surfaces 175; 






L — Temperature. 
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Pressure, Vapour 10; 

— variation. Latent heat of 9; 

Pringsheim 99. 



ft q, dQ 47; 
D, q, d<\ 114; 

Qualitative character of Thermo- 
dynamics 44; 
Quantity of heat 4, 47; 
— generated internally 114; 
Quasi Periodic motions. Stationary or 190. 



R. 

R 118; 

Radiation. Black body 99; 

— Entropy of black body 103; 
of directed 105; 

— of heat 69; 

— phenomena. Irreversible 106; 

— pressure 100; 
Eankine 19, 138; 

Ratio of specific heats 8; 
Rational Dynamical system 29; 
Reciprocation. Polar 176; 
"Reduced" pressure 138; 
"Reflector" perfect 104; 
"Refractor" perfect 104, 105; 
Regnault 138; 

Relations. Maxwell's four Thermo- 
dynamic 109; 
Reversible Galvanic element 162; 
Reversibility 33: 

— of small diplacements from equi- 

librium 81; 
Reynolds, Osborne 30; 
Rhombic 146; 
Rule of equal areas 141; 

— Phase 145, 146, 158; 
Rum ford 13. 



S, S 65, 69; 

Saturated Complex 10, 140; 

Saturation. Curve of 10, 141; 

— Specific heat in the state of 11; 
Scalar nature of temperature 54; 
Second definition of entropy 38, 116; 

— Law of Thermodynamics 15, 50, 108; 
Semi -permeable partition 125, 126; 



Simple Systems 5, 21, 107; 

— model of 174; 

— specification of 133; 
Small Calorie 4; 
Solid. Elastic 95; 

Specification of thermoelectric systeml72; 

— simple system 133; 
Specific heat 7, 21, 118; 

— at Constant pressure 8, 111; 
volume 8, 111; 

— of electricity 170; 

— of water 14; 

— in the state of Saturation 11; 

— ratio 8; 

— volumes 11; 
Stability 176; 

— Energy test of 80; 

— Gibbs' test 89; 

— of homogeneous fluids 84; 
State. Physical 40; 

Stationary or Quasi Periodic motions 190 ; 
Statistical irreversibility 34; 

— methods 190; 
Steam line 144; 
Stefan's Law 102; 
Sulphur 146; 

Supersaturated Complex 140; 
Surface of dissipated energy 178; 

— thermodynamic 174; 

— Zeta 175; 
Swinburne Preface IV; 
System. Clausius-Szily 190; 

— Monocyclic 188; 

— Simple 5, 21, 107. 



T 18, 54; 

Tait 19, 139, 172; 

Temperature. Absolute 18, 54, 127; 

— Critical 12; 

— entropy diagrams 19; 

— Final 91; 

— Gas 3; 

— Latent heat and 150; 

— at a point 54; 

— of equilibrium 10; 

— of Maximum density 12; 

— of moving body 55; 

— scalar nature of 54; 

— of transformation 10, 165; 

— unit of 19; 
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Thermal coefficients 7, 20, 108, 116; 

— equilibrium 49, 50; 
Thermically heterogeneous 68; 

— homogeneous 49; 
Thermodynamic models 174; 

— Potentials 111; 

Determination of 132; 

— Relations* Maxwell's four 109. 

— System 45, 47": 
Thermodynamics. First Law of 13, 107; 

— Second Law of 15, 50, 108; 
Thermoelectric effects 164; 
Thermometer. Air 118; 

— Gas 118, 130; 
u Thetaphi" diagrams 79; 
Thomson (see also Kelvin) 19, 138; 
Transformation. Adiabatic 5, 22, 49; 

— Cyclic 6; 

— Isothermal 5; 

— Latent heat of 10, 11 ; 

— Temperature of 10, 165; 

— of thermal coefficients 20; 
Transformations. Compensating 41; 

— Irreversible 67; 
Transmission of entropy 78; 

by currents 173; 

Triangular Coordinates 183; 
Triple Point 11, 144, 150. 



U. 

U, u 29, 47, 49; 
Unavailable energy 56; 
Unilateral freedom 82, 158; 
Unit of heat, conventional 4; 

absolute 14; 

— temperature 19; 
Univariant 145; 
Universal gas Constant 118; 
Unreality of reversible processes, Physi- 
cal 34; 
Unsaturated Complex 140. 



V, v 6; 

Vacuum, Gas rushing into a 73, 120, 131; 

Van der Waals 7, 128, 135, 136, 138, 141; 

Vapour pressure 10; 

Viscosity, Fluid motion brought to rest 

by 73; 
Volume energy and entropy of the 

Complex, Whole 148; 

— entropy -energy -surfaces 175; 
Volume, Molecular 118; 

— Specific heat at Constant 8; 

— Specific 11; 

— whole and of unit mass 6. 



W. 

W, dW 32, 47; 

Waals, Van der 7, 128, 135, 136, 138,141; 

Water, Specific heat of 14; 

Whole entropy of a Mixture 112; 

— volume, energy and entropy 
Complex 148: 

Wien 99; 

Wilder, D., Bancroft 184; 

Wire, Elastic 111; 

— Flow of electricity along 73; 

— stretched and suddenly cut 73; 
Work, Equivalence of heat and 13; 

— Irreversible Conversion of 71, 114, 128. 



of a 



X. 



X 147; 
X r , X r 93. 



Young's Modulus 96. 



Z. 



Zero, Absolute 19; 
Zeta surface 175; 
Zeuner 10. 



ERRATA. 



Pages 31 and 32, substitute L for T as the symbol for kinetic energy. 
Page 39 line 18 for A = (U- T Q S) -(U - T S Q ) read 
"A = (U-T S + p V)-(U -T S +p V ) 
or A = (V- T S)-(U - T SJ". 



Printed by B. G. Teubner, Dresden. 
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PROJECTIVE DIFFERENTIAL GEOMETRY 

OF CURVES AND RULED SURFACES 

BY 

E. J. WILCZYNSKI, a.m., fh.d. 

RESEARCH ASSOCIATE OP THE CARNEGIE INSTITUTION OP WASHINGTON, 
ASSISTANT PROPESSOR OP MATHEMATICS AT THE UNIVERSITY OP CALIFORNIA 

[VIII, 298 p.] 1906. Cloth: A 10.— . 

Differential geometry in the hands of Monge, GauJJ and their successors was concerned 
almost exclusively with metrical properties. The most important contributions toward a systematic 
projective differential geometry are the papers ofHalphen on the differential invariants of plane 
and space curves, and those of the author on ruled surfaces. In the present treatise these in- 
vestigations have been collected in a systematic fashion, subjected to a new and uniform method 
of treatment , and are now presented to the public in their entirety. Projective differential geometry, 
as a separate and distinct subject, now appears for the first time. Analytically, the theory of 
invariants of linear differential equations is the foundation of the projective theory of curves, 
so that a brief sketch of Lie's theory of continuous groups is followed by a detailed account of 
the invariants and co variants of linear differential equations. The generalization of this theory 
of invariants to a system of differential equations gives rise to the theory of ruled surfaces. The 
main divisions of the book arise naturally as a consequence of this method of treatment. 

THE DYNAMICS 

OF PABTICLES 
AND OF EMD, ELASTIC, AND FLUID BODIES 

BEING LECTUEES ON MATHEMATICAL PHYSICS 

BY 

ARTHUR GORDON WEBSTER, A.B., ph. d. 

PROPESSOR OP PHYSICS, DIRECTOR OF THE PHYSICAL LABORATORY, 
CLARK UNIVERSITY, WORCESTER, MASSACHUSETTS. 

[XII, 588 p.] 1904. Cloth; Jl 14.—. 

The aim of this book is to give in compact form a treatment of so much of the fundamental 
science of dynamics as should be familiar to every serious student of physics. Of the many ex- 
cellent treatises on dynamics existing in English, many appeal chiefly to the student of mathematics, 
being in fact generally written by mathematicians, while nearly all fill one or two volumes with 
one of the subdivisions, Dynamics of a Particle, Eigid Dynamics, Hydrodynamics or Elasticity. 
It is practically impossible for the physical student, while devoting the necessary amount of time 
to the laboratory, to read through all of these woiks, and thus his knowledge of the whole subject 
generally remains fragmentary. The attempt has here been made to treat what is essential to 
the understanding of physical phenomena, leaving out what is chiefly of mathematical interest. 
Thus the subject of kinematics is not treated by itself, but as much of it is introduced in connec- 
tion with each subdivision as is necessary for the treatment of dynamical matters. The endeavor 
is made to acquaint the student with as many of the methods of attacking questions as possible, 
and thus the important subjects of energy, least action, and Lagrange's equations are not relegated 
to a late chapter, but occupy a prominent place near the beginning, and are made use of throug- 
hout the book. The subject of oscillations and the properties of cyclic and concealed motions, 
which have become so important in physics, next receive attention. In connection with the motion 
of rigid bodies, the question of rotation is considered in considerable detail, with a number of 
practical examples. 

The theory of the potential function is then taken up , followed by the treatment of stress 
and strain , with applications to the more simple problems of elasticity, including the problem of 
St. Venant. In Hydrodynamics the main questions of wave and vortex motion are dealt with. 
Thus the student is prepared for the study of sound, light, and electricity. It is believed that no 
work on Dynamics in English treats in a single volume such a variety of subjects. 



B. G. Teubner in Leipzig. 



LINEAR GROUPS 

WITH AN EXPOSITION 

OF THE GALOIS FIELD THEORY 

BY 

LEONARD EUGENE DICKSON 

PH. D., ASSISTANT PROFESSOR OF MATHEMATICS IN THE UNIVERSITY OF CHICAGO. 



[X, 312 p.] 1901. Cloth: A 12.—. 



The earlier chapters of the text are devoted to an elementary exposition of the theory of 
Galois Fields chiefly in their abstract form. The conception of an abstract field is introduced 
by means of the simplest example , that of the classes of residues with respect to a prime modulus. 
For any prime number p and positive integer n, there exists one and but one Galois Field of 
order p n . In view of the theorem of Moore that every finite field may be represented as a Galois 
Field, our investigations acquire complete generality when we take as basis the general Galois 
Field. It was found to be impracticable to attempt to indicate the sources of the individual 
theorems and conceptions of the theory. Aside from the independent discovery of theorems by 
different writers and a general lack of reference to earlier papers , the later writers have given wide 
generalizations of the results of earlier investigators. 

The second part of the book is intended to give an elementary exposition of the more 
important results concerning linear groups in a Galois Field. The linear groups investigated by 
Galois, Jordan and Serret were defined for the field of integers taken modulo p and the general 
Galois Field enters only incidentally in their investigations. The linear fractional group in a 
general Galois Field was partially investigated by Mathieu , and exhaustively by Moore , Burnside 
and Wiman. The work of Moore first emphasized the importance of employing in group problems 
the general Galois Field in place of the special field of integers , the results being almost as simple 
and the investigations no more complicated. In this way the systems of linear groups studied 
by Jordan have all be generalized by the author and in the investigation of new systems the 
Galois Field has been employed ab initio. 

The method of presentation employed in the text often differs greatly from that of the 
original papers; the new proofs are believed to be much simpler than the old. For example, the 
structure of all linear homogeneous groups on six or fewer indices which are defined by a quadratic 
invariant is determined by setting up their isomorphism with groups of known structure. Then 
the structure of the corresponding groups on m indices, w£>6, follows without the difficult calcu- 
lations of the published investigations. In view of the importance thus placed upon the iso- 
morphisms holding between various linear groups, the theory of the compounds of a linear group 
has been developed at length and applied to the question of isomorphisms. Again, it was found 
practicable to treat together the two (generalized) hypoabelian groups. The identity from the 
group standpoint of the problem of the trisection of the periods of a hyperelliptic function of four 
periods and the problem of the trisection of the periods of a hyperelliptic function of four periods 
and the problem of the determination of the 27 straight lines on a general cubic surface is 
developed in Chapter XIV by an analysis involving far less calculation than the proof by Jordan. 
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